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Abstract 

We study a certain type of wild harmonic bundles in relation with a Toda equation. We explain how to 
obtain a classification of the real valued solutions of the Toda equation in terms of their parabolic weights, 
from the viewpoint of the Kobayashi-Hitchin correspondence. Then, we study the associated integrable 
variation of twistor structure. In particular, we give a criterion for the existence of an integral structure. It 
follows from two results. One is the explicit computation of the Stokes factors of a certain meromorphic flat 
bundle. The other is an explicit description of the associated meromorphic flat bundle. We use the opposite 
filtration of the limit mixed twistor structure with an induced torus action. 
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1 Introduction 

According to M. Guest and C.-S. Lin [T3], the following equation is called the Toda lattice with opposite sign: 

29,a^w, -e2('^'--'"-i)+e2('"'+i-"'-) =:0 (z==l,...,r) (1) 

Here, we use the convention Wr+i — wi (Vi), and Wi are M- valued functions on C*. 

S. Cecotti and C. Vafa found that the equation (jlj appeared from the tt*-equation for several significant 
models in physics [5], [?]■ Moreover, they observed that, if n = 2, the equation ([T]) can be reduced to a Painleve 
III equation under some natural requirements. Based on the analysis in p4] and [25], they mathematically 
verified the existence and uniqueness of the solutions adapted to the conditions required by the models. They 
found that the solutions have abundant information of the models, and called them magical solutions. Among 
their rich studies, they proposed a problem to classify the solutions of the equation whose associated ^-variations 
of Hodge structure have Z-structure, which are expected to be significant in physics. 

As far as the author knows, Guest and Lin are the first mathematicians who systematically studied such 
issues. They classified the R- valued global solutions of the equation by imposing an additional symmetry, 
if it is reduced to the equation for two unknown functions. Moreover, collaborating with A. Its, they studied 
the Stokes structure of the associated ^-VHS, and they determined when it has a Z-structure. 

In this paper, we study the general case. We shall give a classification of the R-valued solutions in terms of 
the parabolic weights, and give a purely algebraic criterion for the existence of Z-structure. 

As is well known, at least implicitly, the equation ([ij is closely related to the Hitchin equation for Higgs 
bundles on curves. Indeed, the solutions of ^ are equivalent to Toda-like harmonic bundles. (See ^ 33.2.21 ) 
Hence, it is quite natural to study the problem from the viewpoint of the Kobayashi-Hitchin correspondence 
and the asymptotic behaviour of harmonic bundles. We prove that the solutions ([T]) are classified by the parabolic 
weights. (See Theorem 13.341 and the remark right after it.) We also describe their asymptotic behaviour and 
additional symmetry. 

Remark 1.1 The harmonic bundles considered in this paper are close to cyclotomic harmonic bundles of C. 
Simpson in [46 . The author found a more related work due to D. Baraglia [2], who clarified the relation of 
his cyclic harmonic bundles and affine Toda equations without poles on smooth compact Riemann surfaces. 
(See also [1 .j He has already used efficiently the idea to deduce the symmetry of a harmonic metric from the 
symmetry of the underlying Higgs bundle. 
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Remark 1.2 There are many researches on the Toda equation. However, at this moment, the author does not 
know whether we can deduce the classification of W-valued solutions ([T]) from the previous results (for example 
[Tfj . pS] and [5D]j. Because our method gives only the existence and uniqueness, it would be significant to obtain 
explicit descriptions of the solutions by another method. 

As for Z-structure, our argument proceeds as follows. First, we closely study the Stokes structure of a certain 
meromorphic flat bundle (|25p . In general, it is rather difficult to understand the Stokes structure of a given 
meromorphic flat bundle. But, in our case, it is not difficult. The Stokes factors are related to the monodromy 
in a simple way, and we obtain that the non-zero entries of the Stokes factors are described by the coefficients 
of the characteristic polynomial of the monodromy. In particular, we obtain that, the meromorphic flat bundle 
has a Z-structure, if and only if the coefficients of the characteristic polynomial are integers. 

Second, to apply the result in the previous paragraph, we need to know the precise form of the meromorphic 
flat bundle associated to a Toda-like harmonic bundle. One of the important ingredients is the limit mixed 
twistor structure associated to the harmonic bundle with homogeneity. It is naturally equipped with a torus 
action, and hence it comes from a mixed Hodge structure. (The mixed Hodge structure seems to be related 
with that in [18]. See Remark 15.111 ) Once it is obtained, we can apply an argument of M. Saito which is 
familiar in the construction of Frobenius manifold. ([42]. See [10], [38], [39].) Namely, by using the canonical 
decomposition of the mixed Hodge structure due to P. Deligne, we can find an opposite filtration to the Hodge 
filtration. Then, we can extend the associated meromorphic flat bundle to tr-TLE-structure in the sense of C. 
Hertling [T7] . Then, it is not difficult to deduce the more precise form of the connection in the case of Toda-like 
harmonic bundle by using its high symmetry. Getting together the above two results, we obtain the desired 
criterion. 

It is reasonable to divide this paper into two parts. Part I: the classification of R- valued solutions (iMS]), 
and Part II: the study on the Stokes structure of the associated ^-VHS (SMj)- They are rather independent, 
although related, and we use rather different techniques. 

In we give a review of a general theory of filtered Higgs bundles and wild harmonic bundles on curves for 
the convenience of the readers. In SjS] we apply it to a class of filtered Higgs bundles and harmonic bundles on 
(P^, {0, cxd}), and we explain how to deduce a classification of the M-valued solutions of the Toda lattice with 
opposite sign by parabolic weights. 

In ^ after a review of Z-structure of a meromorphic flat bundle possibly with irregular singularity of pure 
slope, we will study the Stokes structure of a certain meromorphic flat bundle (^5]) . In particular, we give 
a criterion for the existence of a Z-structure on the meromorphic flat bundle or its pull back by a ramified 
covering. In ^ we describe a rather general theory of harmonic bundle with homogeneity and the associated 
integrable variation of twistor structure, which can be regarded as a variant of [17], [S], [41] and [45]. We 
would like to give details on the role of Euler field in our situation. We explain how a torus action is induced 
on the limit mixed twistor structure in some situation, and how we obtain a tr-TLE-structure. In ^ we apply 
the results in [j4]and Sj5]to Toda-like harmonic bundles. In we give a complement on the tr-TLE structure 
associated to a Toda-like harmonic bundle, in particular, around the irregular singular point oo. We use it to 
obtain a precise description of the associated meromorphic fiat bundle. Then, we obtain in §6.21 the criterion 
when they have Z-structure. 
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grateful to Martin Guest for his detailed and useful comments on the earlier version of this manuscript. I also 
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Akira Ishii and Yoshifumi Tsuchimoto for their constant encouragements. I thank Claude Sabbah for numerous 
discussion and his kindness for years. A part of this paper is based on my talk in the conference "Various 
Aspects on the Painleve Equations" held in November 2012. It is my great pleasure to express my gratitude to 
the organizers. This study is supported by Grant-in-Aid for Scientific Research (C) 10315971. 
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Part I 

2 Preliminary 

2.1 Filtered Higgs bundle on a curve 

2.1.1 Filtered Higgs bundle on a disc with a marked point 

We give a review of filtered Higgs bundle on curves. We shall explain it in the case that X is a disc {z G 
C I 1^1 < 1} with a point D = {0}. 



Filtered bundle A filtered bundle on {X,D) is a locally free Ox{*D)-module V of finite rank with an 

increasing filtration by locally free Ox-submodules VaV C V (a € M) satisfying the following conditions, (i) 
VaVix\D = Vix\D, (ii) VaV = ClbyaT^bV, (iii) Va-iV = VaV ® 0{-D) = zVaV. Let V,V denote the Ox{*D)- 
module V with the filtration {VaV \ a € M}, and we call it a filtered bundle on {X,D). We say that V is 
the underlying Ox{*D)-u\oi\\i\c of V*V, and that V*V is a filtered bundle over the O x{*D)-mo6xAe V. The 
filtration is also denoted by V»V. 

We set ■P<aV := Uc<o^cV and Gr^ (V) := VaV /V<aV. It is naturally regarded as a finite dimensional 
vector space over C. We set Var{V^V) := {a e M | Gr^(V) ^ O} which is discrete in M. If a e Var{V*V), then 
o + Z c Var{V^V). 

The sheaf Ox{*D) is naturally a filtered bundle, i.e., PaOx{*D) = 0{[a]D) for a e M, where [a] denote the 
integer such that o — 1 < [a] < a. The filtered bundle is denoted just by Ox{*D)- 

A morphism of filtered bundles tp : P^Vi — > P*V2 is defined to be a morphism of C'ji:(*£')-modules 
ip:Vi — >V2 such that ^(VaVi) C VaV^ for any a e M. 

Let P*H (i = 1,2) be filtered bundles on (X,D). The direct sum V^Vi ®'P*V2 is defined as the Ox 
module Vi ® V2 with the filtration Va{Vi © V2) := VaVi ® PaV2 (a G M). We naturally have Gr^(Vi © V2) ^ 
Gr^(Vi) ® Gr^(V2). The tensor product V*Vi (g) V*V2 is defined as the Ox{*D)-modu\e Vi (g) V2 with the 
filtration P„(Vi V2) (a e K): 

7'a(Vi(gV2)= 'PbVi®VcV2^ J2 'PbVi®VcV2 (aeR) 

6+c<a 6+c<a 
-l<c<0 

We define Uom{V^Vi,V^V2) as the Ox(*-D)-module "HomCi;!, V2) with the filtration VaHom{Vi,V2) [a G M): 

P„Hom(Vi, V2) := {/ e :Wom(Vi, V2) | /(^Vi) C n+aVa} 
As a special case, we have the dual P^V^ of P^V as 'Hom{Vt:V,Ox{*D)). 



Pull back, push-forward, descent We set Xi := {w G C | < l} and Di := {w = 0}, and let ip : Xi — > 
X be given by (p{w) = w™. Let V»V be a filtered bundle on {X, D). We have an induced filtered bundle ^p*'P*V, 
called the pull back of V*V by ip. It is the OxA*Di)-m.o6.n\e ip*V with the filtrations {VaV*V | a G M): 

Pa(p*V= ^ ip*VbV®0{nDi) 

mb+n<a 

Let "PiVi be a filtered bundle on (Xi,£)i). We have an induced filtered bundle ip^V^Vi on {X,D), called 
the push- forward of P^Vi by ip. It is the Ox(*-D)-module (^*V with the filtration (j^a{'^*^) \o- € 1^), where 

^a(¥'»Vi) = ¥'*7'amVi. 

Let Gal(</7) be the Galois group of the ramified covering ^p. In this case, we have Gal(<^) = {t G C | = 1} 
with the natural action p on Xi given by w) = tw. If Vi is Gal((/3)-cquivariant, then (pi,V*Vi is equipped 
with an induced Gal((^)-action. The invariant part is called the descent of P*Vi. 

If V^V is a filtered bundle on {X, D), the pull back ip*V*V is naturally Gal((^)-equivariant, and the descent 
of ip*V*V is naturally isomorphic to ■p*V. 
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Subobject Let V^V be a filtered bundle on {X,D). A subobjcet of V^V is an Ox(*£')-subniodulc V C V 
with a filtration {P„V' | a e R} such that VaV C VaV. It is called strict, if VaV = VaVnV for any a. Note that 
if we are given an Ox(*-D)-submodule V C V, it has an induced filtration {PaV} given by VaV := VaV fl V, 
and such V,tV' is strict. In practice, we have only to consider such strict subobjects. 

Remark 2.1 LetV^V he a filtered bundle on {X,D). LetV = ®Vi be a direct sum of Ox {*D) -modules. Then, 
we have the induced subobjects V^Vi as above. In general, we may have P«V 9^ 0'P*Vi. IfV^V ^ 0'P*Vi, we 
say that the filtration V*V is compatible with the decomposition V = Vj. 

Filtered Higgs bundle Let 7-**V be a filtered bundle on {X, D). A Higgs field of a filtered bundle V^V is an 
Ojc-morphism 9 : V — > V ® fi^c- The pair (7^«V,0) is called a filtered Higgs bundle on {X,D). We say that 
(V, 9) is the underlying meromorphic Higgs bundle of {P*V, 6), and that {V*V, 9) is a filtered Higgs bundle over 
{V,9). 

A morphism of filtered Higgs bundles ^ : {V*V\,9\) — > ('P*V2,6'2) is defined to be a morphism of filtered 
bundles if) : Vi — > V*V2 such that V ° ^1 = ^2 o V"- A subobject of ('Pa.V, 9) is a subobject V*V' C Vi^V such 

that 9{V) CV 

Let {V^,Vi,9i) [i — 1,2) be filtered Higgs bundles on {X,D). We have the naturally induced Higgs 
fields of 61(1), 9^"^'^ and 6'(3) on V^Vi ® V^Vi, V*Vi O V,V2 and 'Hom{V»Vi,V»V2), respectively: 9'^^\vi,V2) = 

{9i{vi),92{v2)) , 9'-^\vi (8) V2) = 9i{vi) ® V2 + vi ® 92{v2 

), 61(3) (f) = 9^0 f - f o9i. In particular, we have the 
dual (P»V, 9y = (P* V, -9"") of a filtered Higgs bundle (P»V, e*). 

Let : Xi — > X be a morphism given by ip{w) = w™. For a filtered Higgs bundle (■P*V, 9) on {X, D), we 
have its pull back ip*{V^V, 9) = {ip*V^V, ip*9) on (Xi, Di)). For a filtered Higgs bundle (V^Vi,9i) on (ATi, Di), 
we have its push-forward (/5*(P*Vi, 6*1) = ((p*P*Vi, <p*0i) on {X, D). If ("P*!^!, 6*1) is Gal((/?)-equivariant, we have 
its descent as the Gal((/j)-invariant part of <^*('P*Vi, ^1). 

Good filtered Higgs bundle and regular filtered Higgs bundle Let (7^*V, 9) be a filtered Higgs bundle. 
It is called regular, if ^("PaV) C ■PaV^O^^ (log-D) = Va+iV®^\- In that case, 9 is called logarithmic. A filtered 

Higgs bimdlc (P*V,0) is called unramificdly good, if there exist a subset I C z^^C[2:~^] and a decomposition 
of filtered bundles P^V = ®aei'^*^°- '-'^ ^ neighbourhood U of D, such that the following holds for each a: 

• 9{ya) C Va- The restriction of 9 to Vp is denoted by ^q. 

• 9a — da idy^ is logarithmic with respect to P*Va. 

A filtered Higgs bundle (P* V, 6*) is called good, if there exists a ramified covering : {Xi,Dx) — > {X, D) given 
by </3(w) = ■w™ such that (/?*(P*V, 6*) is unramificdly good. The following lemma is easy to see. 

Lemma 2.2 Let {V»V,9) be a good filtered Higgs bundle on {X,D). Assume that 9 is tame, i.e., for the 
expression 9 = fdz/z, the coefficients of the characteristic polynomial of f are holomorphic at 0. Then, 
{V»V,9) is regular. 

2.1.2 Filtered Higgs bundles on a curve 

Let X be a complex curve with a finite discrete subset D C X. The notions of filtered bundle and filtered 
Higgs bundle are naturally generalized in this global situation. We take small neighbourhoods U p of any 
P e £). A filtered bundle P«V on (X, D) is a locally free C'js:(*-D)-module V of finite rank with the filtrations 
^i^^(V|!7p) = {vi^\ViUp) I a e ffi) by C»[/p (*-P)-modules for each P e Up, such that vi^\ViUp) is a filtered 
bundle on {Up,P). For each P € D, we obtain the set Var{V*V,P) := Var{vi^\V\Up)). For each a = 

(ap I P G D) e R^, we have an Ox-submodule P„V C V determined by PaV|[/^ ^i?(V|c/p) for any P € D. 
Obviously, the tuple {VaV \ a e R^} determines P,V. A filtered Higgs bundle (P* V, 9) is a filtered bundle P«V 
with a Higgs field ^ of V. 

Direct sum, tensor product and inner homomorphism, subobjects and morphisms are defined as in the case 
of filtered bundles on the disc. A filtered Higgs bundle (P*V, 9) is called logarithmic (resp. good) if (P*V, 6')|c/p 
is logarithmic (resp. good) for each P G D. The other operations are also naturally generalized in the global 
case. 
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2.1.3 Parabolic degree and stability condition 

Let X be a projective curve with a finite subset D C X. Let V^V be a filtered bundle. Recall that the parabolic 
degree of P^V is given as follows: 

par-deg(7',V) := dcg(7'„V) - ^ ^ c dimGrf "'(V|c/J (2) 

PeD ceVar(V,V,P) 
ap — Kc<.ap 

It is independent of the choice of a = (ap | P e Z?) G MP in We define /i(P*V) :— par-deg(7'* V)/ rank V. 

Let (V*V,9) be a filtered Higgs bundle on {X,D). It is called stable, if /l<('P,Vi) < ii{V*V) holds for any 
subobject (V^VijOi) C (V^VjO) such that < rankVi < rankV. It is called semistable, if the condition 
"fl{'P^,Vl) < iJi{Vi,V)" is replaced with "/x(7'*Vi) < //(T'^V)". It is called poly-stable, if we have a decomposition 
{r*V,0) = 0(V*H,6'O such that each {r*Vi,9,) is stable with i-iiV^V,) = ii{V*V). The following standard fact 
will be used implicitly. 

Lemma 2.3 Suppose that (Vs,Vi,9i) (i = 1,2) are stable. The space of morphisms (P^Vij^i) — > (7'*V2,02) is 
at most one dimensional, and any non-zero morphism is an isomorphism. 

2.2 Harmonic bundles on curves 

Let y be a complex curve. Let {E, ds) be a holomorphic vector bundle on Y. Let 6* be a Higgs field of {E, ds)- 
Let /i be a hermitian metric of E. We have the Chern connection, whose (l,0)-part is denoted by Oe- Let 6^ 
denote the adjoint of 9. The metric h is called harmonic, if the connection V"'^ := Oe + 9^ + Oe + 9 is flat. In 
that case, {E, ds, 9, h) is called a harmonic bundle. Note that {E, Oe, cx9, h) is also a harmonic bundle if a is a 
complex number with \a\ — 1. If the base space is higher dimensional, such a metric is called pluri-harmonic. 

2.2.1 Prolongation of a harmonic bundle on a punctured disc 

Let X := jz e C I |z| < l} and D := {0}. Let us consider a harmonic bundle {E,dE,9,h) on X \ D. We 
have the expression 9 = fdz/z where / is a holomorphic section of End(i?). We have the characteristic 
polynomial P — det(iid_E— /) — '^ajiz)P. The harmonic bundle is called tame if aj{z) are holomorphic on 
X, and it is called wild if aj{z) are meromorphic on X. It is called unramifiedly good wild, if there exist a 
subset X C 2:~^C[z~^] and a decomposition {E,9) = 0(igx(^o:^a) such that 9a — da id_E„ are tame for each 
a G z~"'^C[z~^]. Note that, if {E, Oe, 9, h) is wild, there exists a ramified covering ip : {Xi,Di) — > {X, D), such 
that ip^^{E, dE,9, h) is unramifiedly good wild. 

Let {E, dE,9,h) he a, wild harmonic bundle on {X, D). For any a e M, we have the Ox-niodule VaE given as 
follows. Let U be an open subset of X. If ^ J7, let 'PaE{U) denote the space of holomorphic sections of E on 
U. If S J7, let VaE{U) denote the space of holomorphic sections f of E on U\D such that \f\h = 0(|z|~°~'^) 
for any e > 0. We define VE := UaeR^a-^' which is an C'x(*i))-inodule. The following proposition was proved 
by Simpson [33] in the tame case, and by the author in the general case [55] . 

Proposition 2.4 (V*E,9) is a good filtered Higgs bundle on (X,D). If the harmonic bundle is tame, {'P*E,9) 
is regular. If the harmonic bundle is unramifiedly good wild, then {'P*E,9) is unramifiedly good. 

Let {Vi.V,9) be a filtered Higgs bundle on {X,D). Let h he a harmonic metric of {E,9) := (V,9)\x\d- We 
obtain a filtered bundle V^^E as above. If the identity E ~ V^xxd on X \ Z3 is extended to an isomorphism 
T'^i? ~ T'* V on {X, D), we say that h is adapted to the filtered bundle V*V. 

2.2.2 Harmonic bundles on projective curves 

Let X he a projective curve with a finite subset D C X. We take small neighbourhoods Up of any P ^ D. 
Let {E,dE,9,h) he a harmonic bundle on X \D. It is called tame (resp. wild, unramifiedly good wild) if 
{E,dE,9.,h)\Up\P is tame (resp. wild, unramifiedly good wild) for any P £ D. By applying the procedure in 
ii2.2.1l to each {E,dEi9,h)\Up\p, we obtain a good filtered Higgs bundle {P^E,9) on {X,D). 
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Proposition 2.5 {'P^,E,d) is polystable and satisfies par-deg(P*£') = 0. 

Proof The tame case was proved by Simpson (Theorem 5 in i44 ). The general case can be shown similarly. I 

Proposition 2.6 Let {V*V,6) be a filtered Higgs bundle on {X,D). Let hj [j = 1,2) be two harmonic metrics 
of {E,9) := {V,0)^x\D adapted to V^V. Then, there exists a decomposition {V*V,9) = ® ^i) such that 

the following holds: 

• We set {Ei,9i) := (Vi,0i)|x\D- Then, the decomposition {E,6) = 0;) is orthogonal with respect to 
both ofhj (j = 1,2). 

• There exist positive numbers Oi such that h^^i — o,i ^2|_Ei- 

Ln particular, if (Vs,V,9) is stable, the adapted harmonic metric is unique up to the multiplication of positive 
constants. 

Proof The argument for the tame case is given in §2.2 of [50]: for example. The general case can be shown 

similarly. I 

Conversely, the following theorem holds. The tame case is due to Simpson [44]. The wild case is due to 
Biquard-Boalch [5], although some inessential assumption is imposed on the residues. We may also prove it as 
in [36^ where a similar statement is established for filtered flat bundles by directly using the method in [44] . We 
are planning to give more details elsewhere, including the higher dimensional case. 

Theorem 2.7 Let (7'»V,0) be a fi-stable Higgs bundle on {X,D) with ^{V^y) = 0. Then, there exists a 
harmonic metric h of {E,9) :~ Cl^,^)|x\D such that VaE = VaV for any a E M.^ . Such a metric is unique up 
to the multiplication of a positive constant. 

We can apply it if the Higgs bundle is irreducible, for example. 
2.2.3 Symmetry 

By the uniqueness in Kobayashi-Hitchin correspondence, the symmetry of a filtered Higgs bundle is inherited to 
a harmonic bundle. For the explanation, we give a typical statement. Let X be a smooth projective curve with 
a finite subset D C X. Let / be a holomorphic automorphism of {X, D). Let (7^* V, 9) be a stable good filtered 
Higgs bundle on {X,D), with an isomorphism / : f*V*V ~ V*V. Suppose f*9 ~ a9 for a complex number a 
with |a| = 1 under the isomorphism. 

Proposition 2.8 There exists a > such that f*h — ah under f. 

Proof Put {E,9) {V,9)\x\d- Because h and f*h are harmonic metrics of {E,dE,ct9) adapted to P*V, we 
obtain f*h ~ ah hy the uniqueness in Theorem 12.71 I 

We can obtain the number a by comparing det(/i) and /* det(/i). 

3 Toda-like harmonic bundles 

3.1 Toda-like filtered Higgs bundles on (P\ {0, oo}) 
3.1.1 Meromorphic Higgs bundles 

Let r and m be positive integers. Let g be a variable. Let IC{r,m){q) be the matrix whose (z, j)-entries 
/C(r, m)ij{q) are 1 Hi = j + 1, 9™ if j) = (1, ?"), or otherwise. We may regard /C(r, m) as a matrix- valued 
holomorphic function on Cq = {q £ C}, which is meromorphic at q = 00. 

We set D := {0,00} C Let Vr be a free Opi (*i:')-module 0[^^ Opi{*D)e,. Let 9r.rn be the Higgs field 
determined by 9r.m^ = eJC(r, m) mdq/q, where e = (ei, . . . , e^). 
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Remark 3.1 Let J be the r-square matrix whose {i, j)-entries are (Xiq^^ if i ^ j = 1 modulo r, or otherwise. 
Let 9 be the Higgs field ofVr determined by 9e — ej^dq/q. Ifm — '^ii > 0, {Vr,0) is transformed to {Vr,0r,m) 
by an appropriate gauge transform and an appropriate coordinate change of . 

Let T = e^'^^^^^'^' . Let a be the endomorphism of Vr determined by a{ei) = t'^ci. We have (7*6 a o O^-.m ° 
a^^ = rOr^m- Hence, a induces an isomorphism of meromorphic Higgs bundles a : {Vr,0r,m) — i'Vr,T 0r,m)- 

We have a C*-action C* x — > P^ given by (i, q) i — > t^q. The bundle Vr is C*-equivariant by the 
isomorphism I: t*Vr ^ Vr, t{t*e^) = t""e,. We have t*e = f^O. 

Let £ be a factor of m. We set := {k G C | = 1}. We have a natural /i^-action on P^ given by 
(k, g) I — > Kq. Let k : K*Vr — Vr be the isomorphism given by K{K*ei) = e.^. It induces a /i^-action on {Vr,0). 
The descent is isomorphic to (Vr,^r,m/£)- 

Let (fi : P^ — > P^ be given by (p* {q) = . For j = 1, . . . , r, we set 

r 

:=5](r^"u;™r-V*e.. (3) 



We have the following formulas: 



We also have the following: 



V* {d-nrr,)Vj = (r TO W^T^') ^ (4) 



{'^<i<r-l), a{vr)=vi. (5) 

We have a natural C*-action on P^ given by (t,w) i — > tw. The morphism ip is C*-equivariant, and (p*Vr is 
naturally C*-equi variant. We have t{t*Vj) — t"^^Vj. 

We have a /^m-action on P^ given by {k,w) i — > kw. (The morphism (p is not necessarily /Xm-equi variant.) 
We have a /Xm-action on (p*Vr by K{K*ei) — e^. We have K{K*Vj) = Vj. Indeed, we have K{K*Vj) — 
X;(rJw")'-*K(K*e,) = Vj. 

We have the description of in terms of Vj as follows: 

Indeed, E'=i r'^^v, = ELi ELi r^^''-'^ (u;'")('-^)e, = ™"('-'=)efe. 



3.1.2 nitrations around 

Let Uq —P^ \ {00} . We shall consider filtered bundles on {Uo,0) over V := Vr,m\Uo- '^^'■^ induced sections emj^ 
are denoted by for simplicity. If we are given a tuple of real numbers a — (ai, . . . ,0^) € W^, V is equipped 
with the filtration given by V^V = 0O([a - ai]0)ei. Here, [a] := max{c e R | c G Z, c < a} for any 
a € R. The filtration is compatible with the decomposition V = ® C(7o(*0)ej. Conversely, if a filtration V^, is 
compatible with the decomposition, it is for some a. 

Lemma 3.2 Let V^V be a filtered bundle over V. The automorphism a of V gives an automorphism ofV*V, 
i.e., aiVaV) C VaV, if and only ifV^V ~ V^V for some a e W. 

Proof The "if" part is clear. To prove the "only if" part, put a; :— minja e M | e.^ e VaV^, and a :— (ai). We 
clearly have V^V C VaV. A section / e VaV has the expression J2 fi^i- Because o-^(/) = J2 t^'' fi&i G VaV, we 
obtain fict G VaV. Hence, we obtain fi E 0{[a — ai]), which means / G V^V. I 

The following lemma is clear by the construction of V^. 
Lemma 3.3 If the conditions in Lemma \'d.'2\ hold. V* is C* -equivariant. 
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Note that, in general, the converse of the claim in Lemma 13.31 does not hold. For example, in the case 
r = m = 2 and = oi = 02 + 1, ei and q~^e2 are C*-invariant sections. By using any one dimensional subspace 
of (ei,g~-^e2), we obtain a filtration V*V2 such that it is homogeneous with respect to the C* -action, but it is 
not isomorphic to T'f V2. 

The following lemma is also clear by construction. 

Lemma 3.4 If the conditions in Lemma 13.21 hold. V* is ^.m-cquivariant. 

Let 9 := Or,m\Uo- We consider the condition such that 6 is logarithmic with respect to the filtered bundle 
V^,V. The following lemma is clear. 

Lemma 3.5 Let V*V be a filtered bundle over V. We set Ui := min{a | G VaV}. If 9 is logarithmic, then we 
have ai > a^+i (i = 1, . . . , r — 1) and > ai — m. IfV^V = V^V for a = (ai), the converse is also true. 

Lemma 3.6 Assume that (7'*V,0) is regular. After a canonical change of frame, we may assume that Ur > 
ai — TO. 

Proof Assume that = ai — to. We have j such that Oj > a^+i = Or = ai — m. We set e,^ :— q~"^ej+i for 
* ^ ^ ^ ji and :— Ci^r+j for i > r — j. Then, we have 9e' = e'JC{r, to), and we have aj, > a[ — to. I 

The case m = 1 is rather special. 

Lemma 3.7 Assume that to = 1, and that {V*V,9) is regular. Then, the conditions in Lemma 13.21 hold. In 

particular, V^V is C* -equivariant. 

Proof Let us consider the case > ai — 1. Each gives a section of VatV. The induced elements of 
Gr^. (V) are denoted by Ui. For each ai — 1 < c < ai, we set S{c) := {i\ai = c}. We have only to prove that 
[ui I i £ S{c)] is a base of Gr^(V). 

Assume that Ui {i G S{c)) are linearly dependent in Gr^(V), and we shall deduce a contradiction. Let 
io '■= min{j S S{c)} and ii := max{« £ S{c)}. We have Kes{9)ui — Ui+i for io < « < Ji and Kes{9)ui-^ = 0. By 
the assumption, we have a non-trivial linear relation ^ oijUj — 0. We have 12 such that a^^ 7^ and aj — for 
j > «2- We may assume that Ui (i = io, . . . ,i2 — 1) are linearly independent. Then, because = X]}So f^i'^J^ 
Res{9) preserves the subspace H generated by Uj {io < j < 12)- But, Res(0)|/f must have a non-zero eigenvalue. 
On the contrary, because the eigenvalues of JC{r, l)|g=o are 0, Res(0) is nilpotent on Gr^(V) for any c G R. 
Thus, we arrive at a contradiction. Hence, we obtain that Uj (j € S{c)) are linearly independent. Then, we can 
prove that they give a base of Gr^, by using J2a -i<c<a diniGrc — r. 

Let us consider the case Or — ai — 1. We use the frame e' as in the proof of Lemma 13.61 Then, by applying 
the result in the case > ai — 1, we obtain that V^.V is compatible with the decomposition V = ® O;7o(*0)ei, 
i.e.,r,V c^r^v. I 

Corollary 3.8 Let {V*V,9) be a filtered Higgs bundle over (V^, 0r,m)|(7o • -^^^ conditions in Lemma \S^ hold, if 
and only ifV*V is ^m- equivariant. 

Proof The "only if" part is clear. Let us prove the "if" part. We have the descent (V^V' ,9') of (7^*V,6') with 
respect to : J7o — > Uo given by ip{q) = q^, which is a filtered Higgs bundle over (Vr, 0r,i)|(7o • Hence, the 
condition in Lemma [3.21 holds for {V^,V',9'). Because {V^,V,9) is isomorphic to ip* [V^V ,9'), the condition in 
Lemma [3T2l holds also for (7'*V,6'). I 

3.1.3 Filtration around cjo 

Let Uoo \ {0}. Let {V^V,9) be a good filtered Higgs bundle on (f7oo,oo) over (V,9) := {Vr,9r^m)\u^- 

The morphism tp : — > induces tp : Uoo — > Uoo- We have the induced filtered Higgs bundle Lp*{V^:V,9). 
Because {Vt,V,9) is good, the filtration of (^*V is compatible with the decomposition (^*V = Oij^{*oo)vi, 
where Vi are as in t ^3.1.1l Hence, V^V is determined by bi := min{6 | Vi G Vbf*V} {i — 1, . . . , r). 

Lemma 3.9 Let ('P*V,9) be a good filtered Higgs bundle on (f7oo,cx)) over {V,9). The following conditions are 
equivalent: 
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• The filtered bundle V^V is compatible with the decomposition V — ® 0[/oo (*oo)ei. 

• The automorphism aofV gives an automorphism ofV^V. 

• The automorphism of a of ip*V gives an automorphism ofip*!^*}^. 

• hi are independent of i. 

Proof The equivalence of the first and second conditions can be proved by the argument in the proof of Lemma 
13.21 The equivalence of the second and third conditions follows from the construction of the pull back and the 
descent. The third condition imply the fourth condition due to ([S]). The fourth condition implies the third 
condition, because (^*7'*V is compatible with the decomposition V = ®Ou^{*oo)vi by the assumption that 
(P*V,6') is good. °° I 

The following lemma is easy to see. 

Lemma 3.10 Let {V^,V,0) be a good filtered Higgs bundle on {UaojOo) over (V,0). If the conditions in Lemma 
hold, the filtration V^,V is preserved by the C* -action. 



Lemma 3.11 Assume that m and r are relatively prime. Let {V*V,9) be a good filtered Higgs bundle on 
(?7oo,oo) over {V,9). Then, the conditions in Lemma 13.91 hold. 



Proof Because Ga,l{(p) acts on {wi}i=i,....r transitively, hi are independent of i. I 
Lemma 3.12 The conditions in Lemma 13.91 hold, if and only ifV^V is fj,„i-equivariant 

Proof The "if" part is clear. Suppose that V^V is /i„j-equivariant. By Lemma [3. Ill the conditions in Lemma 
hold for the descent. Hence, they hold for V^V. I 



3.1.4 Filtered Higgs bundle over (Vr,0r,m) 

Let {V^VrjOr^m) bc a good filtered Higgs bundle on (P^,Z?) over (Vr,0r,m)- Note that it is logarithmic at 0, 
according to Lemma [2.21 We have the following. (See Lemmas 13. 2[ 13.91 13.31 and 13.101 ) 

Proposition 3.13 The automorphism a ofVr gives an automorphism ofV^Vr, if and only ifV^Vr is compatible 
with the decomposition Vr ~ ^ Opi{*D)ei. In that case, V^Vr is C* -equivariant. 

Proposition 3.14 If m ~ 1, the conditions in Provosition 13.131 always hold. If m ^ 1, (VtVr,9r,m) satisfies 
the conditions in Provosition \'d.l'3\ if and only if it is ^.^-equivariant. 



Proof The first claim follows from Lemmas 13.71 and 13.91 Note that the equivariance with respect to the Galois 
covering w i — > ensures the 4-th condition in Lemma 13.91 The second claim follows from Corollary 13.81 and 
Lemma 13.121 I 

A Toda-like filtered Higgs bundle is a good filtered Higgs bundles {V*Vr, Or,m) such that V*Vr is a-invariant. 
Let J"(r, m) denote the set of such Toda-like filtered Higgs bundles over (Vr, Or,m)- Let (f„i ■ — > P"^ be given 
by <fm{q) — 9™- We have the pull back (p'^ : F{r, 1) — > F{r,m). We obtain the following from Proposition 

EH 

Corollary 3.15 The map tp'^ : J-(r, 1) — > jr{r,m) is a bijection. 

If m is relatively prime to r, the Higgs bundle {Vr,dr.m) is irreducible, and hence any good filtered Higgs 
bundle is stable. In general, we have the following. 

Proposition 3.16 Any {V-*Vr,()r,m) G J-{r,m) is poly-stable. (We shall give the decomposition into the stable 
components in ^ 33.1.51 ) 
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Proof It is easily reduced to the case par-deg(7'*Vr) ~ 0. Let (P* Vr, 0r,m) G J^{r,m). Because it is fim- 
equivariant, it is isomorphic to the pull back of some object (V^Vr, Or,i) in J'ir, 1). Then, the claim follows from 
the Kobayashi-Hitchin correspondence. (See Theorem 12.71 ) I 

Let {V*Vr,0) e T{r,m). The filtration around (resp. oo) is denoted by (resp. vi°°^). Let ip : — > 
F-^ be given by ip{q) = . Recall that the parabolic structure at oo is determined hy b = min{c | Vi e 'pj^°°^ip*V} 
(Vi). It is easy to observe that, if the condition par-deg(7^* V) = is imposed, b is uniquely determined by 
Gi :— min{c | € Vc^^V} (i — 1, . . . , r). Indeed, by ([S]), we have the following for each k: 

min{c\e,eVt^V}^l-^^^^^ (7) 
The condition par-deg(7'*V) = is equivalent to 

E^-^ / 6 m{r — k)\ , m(r - 1) 

j=i k=i ^ ^ j=i 

Hence, we have par-deg(7^*V) = if and only if 6 = — ^ + m(r — l)/2. We have 

b — m{r — fc) = — aj ^-^^ — - + mk. (8) 

Let TQ{r,m) C T{r,m) be determined by the condition that the parabolic degree is 0. We obtain the 
following proposition by the above consideration. 

Proposition 3.17 J-o(r, to) naturally hijective to the following: 

^r,m '■— { (ai, • • • 7 Or) S K'' | fli > a2 > • • • > > Ci — to} 
In the following, let E -^o('"i fn) denote the filtration corresponding to a G yir,m- 

3.1.5 Decomposition into the stable components 

Let a = (oi) G yir,m- We set bi :— rat + mi. We define bi for any £ € Z by using the convention br+i = bg. We 
set ri :— r / g.c.d.{m,r). We define 

S{a,m) :— < j < r \ bi+j ~ bi (Vi), j = mod ri}. 



Proposition 3.18 (V^VrjOr.rn) is stable, if S{a,m) — {r}. 

Proof According to Proposition 13.161 it is polystable. Hence, we have only to show that any endomorphism 
of {V*Vr,9r,m) is & scalar multiphcation. Let : — > Pj be given by fiw) — . We set Ui := w~'^^(p*ei 
for i = 1, . . . , r. We define Ui for any i S Z by the convention Ui = Ur+i- We have the parabolic structure V* 
on ip*Vr obtained as the pull back of T'f V^, that is V*ip*Vr — Cpi ([co — 6i] • + [coo — d] ■ oo) Ui for any 

(co, Coo) S R^, where d € R is independent of i. 

Let g be the endomorphism of if*Vr determined by g(ui) — We have ip*Or,m — 9 • {rmw'^^^dw). Let 

r be an n-th primitive root. Let Lt- denote the map — > P^ given by iriw) = tw. We have t*^ = T^^^g. 

Any endomorphism F of (Vr, 6'r,m) is expressed as = X] j=o (^) f"* ■ ^ preserves the parabolic 
structure at oo, then we obtain Fj{w) € Clw"^]. If it preserves the parabolic structure at 0, then each Fjg^ 
also preserves the parabolic structure at 0. 

Assume Fj ^ for some 1 < j < r — 1, and we shall derive a contradiction. Let £ = deg^-i Fj > 0. We 
obtain that z^^g^ preserves the parabolic structure at 0. Then, we obtain bi > + £ for any i, which implies 
that ^ = and that bi^j = bi for any i. Note that endomorphisms of iV^Vr,Or.m) bijectively correspond to 
endomorphisms F of ip*{'P^Vr, Or.m) such that l*F — F. Hence, we have mj = modulo r, which implies j = 
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modulo ri, i.e., j is an element oi S{a,m). It contradicts with S{a,m) = {r}. Thus, we obtain Fj = for any 
0. I 

Let ro be the minimum of 5(a, m). If wc regard S{a, m) as a subset of /i^ by j i — > ^^Tv^/^j/r ^ then 5(a, m) 
is a subgroup of /i^- Hence, ro is a divisor of any i g S{a, m), in particular, a divisor of r. By construction, we 
have roTO = modulo r. 

We put jo ■= f/To € ^ and mo := m/jo = mrQ/r e Z. Let tq be a primitive jo-th root of 1. For i — 1, . . . , ro 
and s = 0, . . . , jo — 1, we set a;-*-* := Y^^I^ T^'^q~''"^°ei+kro- Let / e End(Vr) be determined by fe = elC{r, m). 
We have 

/(xf = 4\ (z = 1, . . . , ro - 1), fixil^) = q"^"T,-^x^^l 

For s = 0,..., Jo - 1, we define V^'') := Cpi We obtain a decomposition = ©fJ^j^V^") 

preserved by ^?r,m- Let 9^^^ := ^r.m|v<=)- We have 6'(^)(a;-*'') = a;-^\ mdq/q for z = 1, . . . , ro — 1, and 6'(''^(xro^) = 
g^^To"" xj"'' mdq/q. It is easy to see that there is no common eigenvalues of 9^^^ and 9^^ ^ if s 7^ s'. In particular, 
any morphism (V(^^6l(")) — ^ (V^"'), 6l("')) is 0. 

We set ao = (ai, . . . ,0^0) G M''°. Because ai+m = ai — mo, we have ai > • • • > 0^ > ai — mo. We have 
the parabolic structure V^" of V'*' for the frame x'^^^ — {x'f ^ . . . , xif). By construction, we have the following 
lemma. 

Lemma 3.19 The parabolic structure V^Vr is compatible with the decomposition Vp = ^V^'^K The induced 
parabolic structure ofV^'^^ is the same as P"°V'-''-'. 

For each s, we can choose a complex number /3s such that ?/;* (T'f " V*^''\ 6*^*^) ~ {V^"Vrg,9ro,mo)i where 
tps -P^ — > is given b y tpsj q) = I3sq. 

According to Lemma |3.19[ we have the decomposition 

{V^Vr,9r^^) = 0(Pfov(s)^0(s)). (9) 

s=Q 

By construction, we have iS(ao,mo) — {ro}. By Proposition 13. 181 and the above remark, each ('P°'0 V^*\ ^'■*') is 
stable. We also have the description of the endomorphisms. 

Proposition 3.20 Let f be as above, i.e., fe = e/C(r, m). Then, the space of endomorphisms of {V^Vr , 9r^m) 
«s{Et"o' (9-"°/''°)^|/3. ec}. 

Proof Let g be as in the proof of Proposition 13. 181 We have g = 'w~'"''ip* f, and g^° = (p* {q^"''° f^"). Then, the 
claim is clear from the proof of Proposition l3.18l I 

3.1.6 Symmetric pairing 

Let denote the dual of Vr, i.e., Homo^i (*d) (Vr, Opi {*D)) . It is naturally equipped with the dual 9^„^ of 9r.m- 
It is also equipped with the dual frame {i — 1,. . . , r). Let ^ : Vr — be given by '^{ci) — e^_|_i_j. It gives 
an isomorphism of meromorphic Higgs bundles : (Vr,0r,m) — Let / € End(Vr) be determined 

by ^rm = f {mdq/q). Let a G $Hrm- Let V.{V^Vr,9r m) denote the space of morphisms {V^Vr,8r m) — > 

{{V^Vr)\9^ 



Proposition 3.21 We have 'H{V^Vr,9r,m) 7^ i/ and only if there exist ko,i & Z with < fco < r — 1 such 
that the following holds: 

(z+j = r + l-fco) , . 

-l~m (i+j = 2r + l-fco) ^ ' 

In that case, H{V^Vr, 9r^m) = {ET^o' Z?.?'"'"''* o f''°+'''° | A e c}. 
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Proof We use the symbols V and 9 instead of Vr and 0r,m, respectively. We argue the "only if" part of the first 
claim. We put -ar+l-^. They give e 91^,™, and * gives an isomorphism [vfv.e) ~ (("Pf V)^, 6*^) . 

Any morphism F : (V, 9) — > (V^, 0^) is described as F = X]fc=o '^fc('?)^ ° Z'^- I* is easy to see that F gives a 
morphism V — > {V^VY if and only if each ak{q)^ o gives a morphism T'fV — > [V^VY . 

Suppose that {V^V,9) is stable. If n{'P^V,9) ^ 0, by Lemma there exist ko with < A:o < r - 1 such 
that any non-zero element of H{'P^V, 9) is described as a{q)'i' o f''". If a{q) ^ 0, then a(g)\E' o has to be an 
isomorphism by Lemma [2.31 again. Hence, we obtain that there exists an integer ^ such that any morphism is 
described as /Jg^Vf o /'^o for some /3 S C, and moreover q^^ o f''° is an isomorphism. Then, we obtain pUj) . and 
thus the "only if" part in the case that (V^V, 9) is stable. 

Let us consider the case that {V^V, 9) is not necessarily stable. We have the decomposition © into the stable 
components. Any morphism {V'^V,9) — > {{V^VY ,0'^) is the direct sum of morphisms (T'f'V^^), 6'('')) — > 
((7-'"''V^^-')^, (6'(*')^). By using the "only if" part in the stable case, we obtain that there exist integers fco and 
Iq with Q < kQ < rQ — 1 such that the following holds for 1 < i, j < tq: 

-^0 (i + j = ro + 1 - fco) , - 

^£o-mo (^+J = 2ro + l-fco) ^ ' 

If (fTT|) holds, ([TU)) holds for fco and I = £q ^ r — mo. Thus, the "only if" part is proved. 

Conversely, if ([TU]) holds for fco and £, we can easily check that q^'^ o f'^" gives a morphism {'P^V,9) — > 
(^{V^VY , 6*^) ■ Hence, we obtain the "if" part. Note that q^'^o is an isomorphism. The second claim follows 
from Proposition 13.201 I 

The condition in Proposition 13.211 is equivalent to that the following holds for any s G Z satisfying < 
ko A- sro < r — \: 

-l+smo (i + i = r + 1- {ko + sro)) 



—I — m + STTio {i + j = 2r + 1 — {ko + sro)) ^^"^^ 



uj^ -r Lij - 

It is also equivalent to that the following holds if i + j — 1 + fco = modulo Tq 



tti + = —I + m — ^^(i + j — 1 + ko) (13) 
ro 

Corollary 3.22 We have 'H{V^Vr,9r^m) 7^ 0, if and only if there exists a half-integer v such that Y['i=ii'^ ~ 

Proof If n{V^Vr, 9r,m) ^ 0, wc obtain n[=i(^ - e2^^^('''+'')/™) G M[T] for ly = e/2 from ^ some fco and 
i. Conversely, suppose ULii^ - e^'^v^f'^'+'^V™) e R[T] for a half-integer j/. We put c, := a, + v. We may 
assume that > ci > • • • > —m by a successive use of the gauge transform and the inverse transform in the 
proof of Lemma [3.61 There exists s such that ~ ci — ■ ■ ■ — Cs > Cg+i- We have Cs+j + Cr+i-j — — m for 
j = 1, . . . , r - s. By Proposition [2211 we have niV^Vr, 9r,m) ^0. I 

For Opi (*Z?)-modules J^,; (i = 1, 2), a pairing Tx'x.T^ — > Opi (*£*) means a bi-Opi (*Z))-homomorphism. The 
natural pairing Vr x — >■ Opi [*F)) is denoted by (•, •). A pairing C : Vr x Vr- — > Opi {*D) induces a morphism 
$C : Vr — > by {^c{u),v) = C{u,v) for local sections u,v of V^. We have C{9r,mU,v) — C{u,9r,mv) if and 
only if $c o = 6'^,™ ° 

Let Ck denote the pairing of Vr x Vr — > C'pi(*L') given by Ck{u,v) :— (^f o f^{u),v). For < fc < r — 1, 
we have the following: 

( 1 {i+j = r + l-k) 
Ck{e^,e,) = l {i+j^2r + l-k) 

[ otherwise 

In particular, Ck are symmetric, i.e., Ck{u,v) = Ck{v,u). 

Let ^{P^Vr,9rm) denote the space of pairings C : x — > Opi{*D) such that $c gives a morphism 

{V^Vr,9r^,r.) ^ CC^^VrY ,0^,J. 
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Corollary 3.23 We have ^{V^Vr,Or.m) 7^ 0, if and only if there exist integers fco and i with < ko < r ~ 1 
such that (llOp holds. In that case, (|13p holds if i + j — 1 + = modulo rg , and we have 



Jo-l 



s=0 



In particular, any C G V^, 6'^^„0 satisfies t*C = t^i'-m(r+i-ka)(j ^ 

Proof The first two claims follows from Proposition [2211 The last claim can be checked directly. I 

Corollary 3.24 Suppose {V^Vr,Or,m.) is stable. We have ^{V^Vr,0r,m) 7^ 0, if and only if there exist integers 
ko and I with < fco < ?' — 1 such that ([T0|) holds. In that case, we have ''^{V^Vr,Or,m) = {f^q^Ckg | /? G C}. 

As remarked in Corollary I3.22[ the existence of fco and £ as above can be replaced with the existence of a 
half-integer u such that Ul=iiT ~ e^^^{o-^+^)hri-^ ^ 



3.2 Toda-like Harmonic bundle 

3.2.1 Preliminaries 

We set Et := Vr\pi\D^ which is equipped with the base ej|pi\£) and the Higgs field 9r^rn\p^\D- We will omit 
"jP"'^ \ D" . Let h be any harmonic metric of {Er, Or,m)- Clearly, {Er, 9r,m, h) is tame at 0, and wild at 00. We 
have the associated good filtered Higgs bundle denoted by {'P^Er,9r,m) and the meromorphic Higgs bundle 
{V'^ErjOr^m)- (Wc add the superscript h to emphasize the dependence on h.) 

3.2.2 Toda-like harmonic metric 

In this paper, a harmonic metric h of {Er,6r.m) is called Toda-like, if h{ei,ej) ~ for i ^ j. In that case, 
{Er,Or^m,h) is Called a Toda-like harmonic bundle. Clearly, the condition is equivalent to a'*h — h. The 
following lemma is clear. 

Lemma 3.25 If h is a Toda-like harmonic metric of {Er,Or^m), then a gives an automorphism ofV'j'E. 

A Toda-like harmonic metric is uniquely determined by the parabolic structure in the sense of the following 
lemma. 

Lemma 3.26 Let hi [i = 1,2) be Toda-like harmonic metrics of {Er,Or^m) such that V'j'^E = V'^'^E. Then, 
hi = ah2 for some a > 0. 

Proof We have an automorphism g of {V^'^ Er,9r^m) such that (i) g is self-adjoint with respect to both of hi 
(i = 1, 2), (ii) hi ~ /i2 9- Because a*hi = hi, we have a o g — g o a. We also have g o 6 — o g. Then, it is easy 
to prove that g — a id^;^. I 

3.2.3 Adaptedness 

A harmonic metric h of [Er, 6r.m) is called adapted to Vr, if V^E^ — V,-. The case m = 1 is special. 
Proposition 3.27 Any harmonic metric of {Er,9r,i) adapted to Vr is Toda-like. 

Proof Because {Er,9r.i) is irreducible, the filtered Higgs bundle {Vl^Er, dr,i) is stable. Because a-*9 — tO with 
|r| = 1, a*h is also a harmonic metric of {Er,9r^i). By Proposition [331 we have Vf^Er ~ a*'P^Er ~ V^Er. 
Hence, we have a*h — ah for some a > by the uniqueness in Theorem 12.71 Because we clearly have 
det{a*h) = det(/i), we obtain a*h — h. I 

We give a complement. We set il :— ei A ■ ■ ■ A Cr- 
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Lemma 3.28 A harmonic metric h of (i?r,^r,m) is adapted to Vr, if and only if \ei\h — 0(^{\q\ + \q\ ^)^) 
for some i and some N. Suppose moreover that h is Toda-like. Then, h is adapted to Vr, if and only if 
= 0{{\q\ + \q\-^)^) for some N. 

Proof If h is adapted, any a are sections of V'^Er, and hence we have \ei\h = 0({\q\ + for some 

A^. Conversely, assume \ei\h = + For the expression 6 = f ■ {rndq/q^, f naturally gives an 

endomorphism of V^Er, according to [5], [36] and [44]. Because Cj — /^^^(ei) for j = 1, . . . ,r, we obtain that 
ej are also sections of V^Er- Then, we obtain Vr C V'^Er, which implies Vr = V'^Er because both of them are 
Cpi (*£')-locally free. Because /(e.i) = e^+i (i < r — \) and /(e^) = q"^ei, we may replace the role of ei with 
the other e^. Hence, we obtain the first claim. 

Let us prove the second claim. The "only if" part is clear. Assume that h is Toda-like, and that |ri|^ = 
0{i\q\ + \q\~^)^) for some N. We have = C]Y^=i \ei\h for some C > 0. By the relation = f'^iej), we 
have \ej\h > {\q\ + \q\^^)^^\er\h- Hence, \er\l^ < {\q\ + \q\^^)^^ for some M. We obtain that h is adapted. I 

It is easy to see that, if h is adapted, we have — C\q\'^ for some C > and a e M. Indeed, is a 
section of Vdet{E), and we have dqdqlog \Q\h = 0. Because the parabolic degree of V* det(£') is 0, there exists 
a G K such that log \il\h — a log |g| is bounded from above on \ D. Then, we obtain that log \il\h — a log \q\ is 
constant. 

Corollary 3.29 Let {Er,9r,rmh) be any Toda-like harmonic bundle. There exists a holomorphic function g on 
C* such that the Toda-like harmonic metric e^'^^h of {Er,Or^m) is adapted to Vr- 

Proof We have a holomorphic function 171 on C* such that (i) gi is nowhere vanishing on C*, (ii) giQ is a 
section of dctV'^E. It means det h{^,^l)\gi\^ — {\q\ + |(?|^^)^ for some N. We have an integer £ such that 
I\q\=ii^9i/9i +^^9/9) = 0- We can find a holomorphic function 172 on C* such that e^^ = gi q^. We obtain that 
g2Ro(g2) deth{n,n) = 0{{\q\ + kr^)^) for some N. Hence, e2R<=(92)/'7i jg adapted to Vr, according to Lemma 
KM I 

3.2.4 Homogeneity and /Xm-equivariance 

We have the symmetry of Toda-like harmonic bundles, inherited to the symmetry of the underlying filtered 
Higgs bundles. By the restriction of the C*-action p, we obtain the 5'^-action on Er, i.e., p : x C* — >■ C* is 
given by {t, q) 1 — > fq, and t : t* Er ~ Er is given by t{t*ei) = f ™e,. We have t*e = t"'9. 

Lemma 3.30 Let h be a Toda-like harmonic metric of {Er,Or.m) adapted to Vr- Then, t*h — h for t G . 

Proof According to Lemma l5.251 the conditions in Proposition l3. 13l hold. In particular, V^Er is C*-equivariant. 
We clearly have det{t*h) = det{h) for any t E S^. Because t*h is also Toda-like, the claim follows from Lemma 

a I 

We have the natural action of Prn on {Er,6r.m) given by Ti{K*ei) = Cj for k G prn- The following lemma 
follows from Lemma 13.301 or it can be also proved easily by the argument in the proof of Lemma 13.301 

Lemma 3.31 Any Toda-like harmonic metric of {Er,9r,m) is p,m-equivariant, if it is adapted to Vr- 

3.2.5 Correspondence 

Let a G K. Let Sjr,m{a) be the set of Toda-like harmonic metrics of {Er,Or.m) such that \U\h = |<7|^°. Let 
9^r,m(a) be the set of a = (oi) G W such that ai > 02 > ■ • • > > ai — m and ^« = a. From h G Sjr,m{o), 
we obtain ^r,m{h) — [ai{h)) G W such that ai{h) := min{c| Ci € V^E at 0}. They satisfy ai{h) > ai+i(/i), 
ar{h) > ai{h) — m and '^ai{h) = a. Thus, we obtain a map $r,m : ^r,ra{p) — > ^r,m(a)- 

Theorem 3.32 $r,m is bijective. 
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Proof It is injective by Lemma [3.261 Let us consider the case m — 1. Let a £ Let {V^Vndr.i) be 

the associated filtered Higgs bundle. It is always stable. By the Kobayashi-Hitchin correspondence, we have a 
unique harmonic metric h of {Er,6r,i) such that V'j'Er ~ V^Vr and \il\h = \q\~°'- It is automatically Toda-like 
as remarked in Proposition 13.271 It means that $^.1 is a bijection. 

Let us consider the general case. Let a e D\r,m{a). Let {'P^V,9r,m) be the associated filtered Higgs bundle. 
It is /im-equivariant. Any Toda-like harmonic metrics are also /im-equivariant as remarked in Lemma 13.311 
Then, the bijectivity of $r.m follows from the bijectivity of Thus, we obtain Theorem 13.321 I 

Asymptotic behaviour around and oo We have the norm estimate for wild harmonic bundles ([5], |31j . 
|36) . [44]). In our situation, it is described as follows. Suppose that h £ ^r.m{o-) corresponds to a € 9lr,m(a). 
We obtain the following around oo from ([7]) and (l8|): 

log|e..|, + -fa+ "'^'' + ^^ -mz) xlog|g|=0(l) (14) 



Let us describe the asymptotic behaviour of log \ei\h around 0. For c G M, we set 5(a, c) ~ {i \ ai — c} . First, 
let us consider the case > ai — m. For i, we define 

fc, ;== |5(a, ai)| - 2\{j \ aj = a^, j < i}\ + 1. (15) 

Then, we have the following around 0: 

log |e,U + a^ log kl - J log(- log \q\) = 0(1) (16) 

Let us consider the case = ai — to. If ^ aj {j = l,r), then the behaviour of log \ei\h around is given by 
p6)) . We have jo such that aj^ > Uj^^i — a,.. We have ji such that oi = aj-^ > a^i+i. We put 

S'{a,ai) S{a,ai - 1) U S{a,ai) = {jo + 1, jo + 2, . . . ,r, 1, . . . , ji}. 

Let <' be the order given by jo + 1, jo + 2, . . . , r, 1, . . . , ji. For i £ S'{a,ai), we put 

kl := \S'{a, ai)| - 2\{j £ S'{a, a,)\j <' i}\ + 1. 

Then, for i £ 5" (a, ai), we have the following around 0: 

log|e.|;, + aaog|g|-|log(-log|(7|) -0(1) (17) 

3.2.6 Additional symmetry 

Wc use the notation in i|3. 1.5113^1.61 Let a £ fHr,m(a). Suppose *P(7'f V^, ^?r,m) 7^ 0. Let fco and £ be as in 
Proposition 13 . 2 11 See also the remark right after the proposition. 

Proposition 3.33 Leth £ S^r.mia) be the adapted Toda-like harmonic metric oflV^VrjOr.m)- Ifi+j+ko — 1 = 
modulo To, then we have 

log \e^\h + log \ej\h = - m + + J + - 1)) log \q\. (18) 

Proof Let h^ denote the induced Toda-like harmonic metric of {E^ ,9^^^), which is adapted to {V^VrY . Recall 
that we have an isomorphism $ := o f^o+sro . {'P^Vr,9r,m) — > {{K^ry ,^r,m)- By the uniqueness 

of the Toda-like harmonic metric, $ : {Er, h) — > [Er: is isometric up to the multiplication of the positive 
constant. We have det$(ei A • • • A e^) = ±q^^eX A • • • A for some hi £ Z. We have je^ A • • • A e^j^^ = 
for some 62 £ Z. Hence, we obtain that deti> : dei{Er,h) — > det{Er,hY is an isometry, and thus $ is an 
isometry. It implies 

r /i^(eJ,eJ)|(7|2(^-^'"«) (*+j=r + l-(fco + sro)) 
n[e,,e,) | ^v(gV^ gV)|^|2(£+m-.™o) (i + j ^ 2r + 1 - {ko + sro)) . 

Thus, we obtain (HH). I 
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3.3 Toda lattice with opposite sign 

According to 13 , the Toda lattice with opposite sign is the following equation for IR''-valued function w = 
{wi I i = 1, . . . , r) on C*: 

Here, we use the convention Wr+i wt for any i. By the coordinate change z — rq, it is transformed to 

Recall that the solutions of the equation (|19p naturally correspond to the Toda-like harmonic metrics of the 
Higgs bundle {Er,9r,r)- Let ft. be a Toda-like harmonic metric of {Er,9r,r)- We set Ui :— q~'--'^~'^^ei. Note that 
9 is represented by Adq, where Aij — r if i — j = I modulo r, and Aij = otherwise. Let Wi be the functions 
determined by e^"'* = h{ui, Ui). Then, it is direct to check that (w; \i = 1, . . . , r) satisfies the equation (fT9|) . 
Conversely, if we are given a solution of {wi | i = 1, . . . , r) of (fTQ]) . we define the metric h by h{ui, m) :— e^""' 
and h{ui,Uj) ^ (i =^ j). Then, ft is a Toda-like harmonic metric of {Er,9r^r)- 

Let &r{a) be the set of solutions w = (wi) of such that 

±^.-(-'-^-a)lo,\q\. 
i=l ^ ^ 

We obtain the following theorem from Theorem l3.32l and Lemma [3.301 

Theorem 3.34 We have a natural bijection &r{a) and d\r,rici). For any w e &r{a), the functions Wi depend 
only on \q\. 

Let w = (wi) be any solution of the equation (jl9p . Then, '^Wi is an M- valued harmonic function on 
C*. Hence, it is described as ^log jzp -I- Re / for a real number A and a holomorphic function /. If we put 
Wi := Wi — Re(/)/r, then Wi is a solution of ((T9)) such that = Alog In this sense, Theorem l3.34l gives 

a classification of the M- valued solutions of (|19p . 

Asymptotic behaviour Let a E 5H,.,.(a). Let w E &r{a) and h E f)r,r(a) corresponding to a. Let us 
describe the asymptotic behaviour of w. Note Wi — log \ui\fi — log |ei|;i — {i~ 1) log \q\. We obtain the following 
around q ~ oo from (jl4p : 

z«.=log|g|x (^-^-^^+0(1) 
Let ki be as in (1151) . Around g = 0, if > ai — r, we obtain the following for any z = 1, . . . , r: 

= -(a, + 1-1) log \q\ + J log(- log \q\) + 0(1) 
If Or = fli — r, the numbers fc^ should be modified to fc^ as in (I17p . 

Additional symmetry Let ii; e (5r(a) corresponding to a G ^r,r- Suppose that there exist integers fco and 
£ with < fco < r — 1 such that the following holds: 

( {i + j=r + l-ko) 

«^ + °^ = | -i-r {^ + J = 2r+l-ko) ^^O) 

We use the notation in ^3.1.5fl?^1.6l 

Theorem 3.35 Wi + Wj ~ {£ — r + 1 + fcg) log \q\ if i + j + k^ — 1 = modulo rg. 

Proof Let {Er, 9r.r, ft) be the corresponding Toda-like harmonic bundle. Ifi + j + ko — 1 = modulo tq, we 
have Wi + Wj = log - (z - 1) log \q\ + log \ej\h - {j - 1) log \q\ = {£ - m + fco + l) log \q\. I 

We state some special cases as corollaries. 
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Corollary 3.36 Assume that there exist an integer £ satisfying the following: 

f (iti + j = 2 + 1) 

a.i + a4 = I „ )-r ■ ■ e n ^ (21) 
' \ - r (if 2 + J = 2 + £ + r) ^ ' 

Then, we have Wi + Wj = (i + j = 2 + £ modulo r) . In particular, if ai + aj = — r + 1 holds for {i, j) with 
i + j = r + 1, we have Wi + Wj — 0. 



Part II 



4 Stokes factor and integral structure 

4.1 Preliminary 
4.1.1 Stokes structure 

Let us recall the concept of Stokes structure in the local and unramified case. Let X:={2;€C||z|<l} and 
D := {0}. Let {V,V) be a meromorphic flat bundle on {X,D). For simplicity, we assume that it is unramified, 
i.e., its formal completion (V, V) '^l^l ti^s a formal decomposition 

(l/,V)0OxCW= (K,V„), (22) 
where Va — da are regular singular. We set I(V) {o e z^^C[z^^] | Va ^ O}. 

Remark 4.1 In general, according to the Hukuhara-Levelt-Turrittin theorem, we have such a decomposition of 
(l/,V)®OxCIzi/l. I 

In this paper, a sector S C X\D means a subset of the form {z £ X\D | < |z| < i?0 7 do ^ arg(z) < 6*1}. We 
set dS = {z€S \ arg(z) ^ 9o or 6*1}. For each a, b G KV) with a^b, put S{a, b) := {z e S \ Re(o-b)(z) = O}. 
A sector 5" is called adapted to (V, V), if the following holds for each o, b G T{V) with a ^ b: 

• S'(o, b) is connected or empty, and we have ^(a, b)r\ dS — 0. 

Such a sector is called strictly adapted to {V, V), if moreover each S{a, b) is non-empty. 

According to the classical asymptotic analysis for meromorphic flat bundles on curves, if S is adapted, then 
there exists a flat decomposition 

iV,^)\s= (K,5,V„,5) (23) 
aeX{V) 



which is asymptotic to (|22l) . If 5 is strictly adapted, then the decomposition (1231) is unique. 

A flat frame y = (ui) of (V, V)|s is called adapted, if it is compatible with a decomposition in the sense 
that, for each y^, there exists a G I{V) such that yi G Va,s- Let 5^*^ (i = 1,2) be adapted sectors such that 
S^^^ n S*^^^ 7^ 0. Suppose we are given adapted flat frames y^*^ of {V, V)|5(i) . We obtain the matrix A determined 
by J/'"'^' = y^^M. The matrix A is called the Stokes matrix or Stokes factor with respect to y'*-' (i — 1,2). (If 
S^^^ n S*'^' is not connected, we consider the matrix for each connected component.) 

Remark 4.2 Although we fix a coordinate z, the above notions are independent of z. It is better to replace the 
index set z-^C[z-^] with Ox{*D) / Ox ■ I 

Remark 4.3 For a general meromorphic flat bundle on (X,D), we take an appropriate ramified covering 
ip : {X,D) — !• {X,D) given by ip{z) = z"^ such that the pull back (p*{V,V) is unramified, for which the Stokes 
structure is considered as above. I 

Remark 4.4 Let C be a general complex curve with a discrete subset Z d C . Let (V, V) be a meromorphic flat 
bundle on (C, Z). We can consider the Stokes structure of (V, V) on a neighbourhood of each point of Z . I 
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Lift of a formal frame Let (V, V) be an unramified meromorphic flat bundle with the decomposition 
For each a G I{V), let r(a) := rank(Va). We have a frame Va of Va with the following property: 

^ ^ ( . d,z 

V z 

Here, la denote the r(o)-th identity matrix, and Aa G Mr(a)(C). They give a frame v — {va \ a G I{V)) of 
y (8) C|z] for which we have Vv = S( 0((ia/o + Aadz/z)). Recall the following. 



Lemma 4.5 Let S be an adapted sector. Take a flat decomposition (|23p . We have a holomorphic frame Va,s 
of Va,s such that (i) Va,s is asymptotic to Va, (ii) Va, 5^0,5 = 'Va,s{da-Ia + Aadz/z). Such Va^s "is uniquely 
determined, once we fix the decomposition (j23p . I 

In particular, if S is strictly adapted, there uniquely exists a frame vs of V\s such that (i) vs is asymptotic 
to V, (ii) Vvs ~ vs(^^{dala + Aadz / z)^ . If we choose a branch of logz on 5, we obtain an adapted flat frame 

:=t;s exp(0(-o/- A„logz)). (24) 



Pure slope Let {V, V) be an unramified meromorphic flat bundle on {X, D) with the decomposition Let 
d be a positive integer. In this paper, we say that {V, V) has pure slope d, if (i) deg^-i (a) = d for each a G I(V), 
(ii) deg^-i (a — b) = d for each pair a, b G X(V) with a 7^ b. We shall use the following lemma implicitly. 

Lemma 4.6 Suppose that {V, V) has pure slope d. Let S he a sector adapted to (V, V) whose angle is larger 
than ir/d. Then, S is strictly adapted. Ln particular, there exist strictly adapted sectors Si {i = 1,. . . ,N) such 
that[jS^ = X\D. I 

Let (T^, V) be a meromorphic flat bundle on {X,D), which is not necessarily unramified. Let /i be a 
positive rational number. In this paper, we say that (V, V) has pure slope fi, if there exists a ramified covering 
(f : {X, D) — !• {X, D), (p{z) = z*^ such that (p* {V, V) is unramified with pure slope en G Z. 

4.1.2 i?-structure 

Let X and D be as in i )4.1.1l Let {V, V) be a meromorphic flat bundle on {X, D). Let £ be the local system on 
X\D associated to {V,\7), i.e., it is the local system of flat sections of {V,\/)\x\d- Let i? be a subring of C. 
(We will be mainly interested in the cases that RisZ or Q.) An i?-structure of {V, y)\x\D is an i?-local system 
Cn with an isomorphism Cr iSir C ~ £. In this paper, an i?-local system means a locally constant sheaf of 
finitely generated projective i?- modules. We shall often regard Cr as a subsheaf of £. We recall a compatibility 
condition of i?-structure with Stokes structure in the case that {V, V) has pure slope. 

Definition 4.7 Let (V, V) be a meromorphic flat bundle on {X, D) such that it is unramified with pure slope. 
We say that an R-structure of {V, V)|x\d compatible with the Stokes structure, if the following holds: 

• Let S be a sector strictly adapted to (V,V). Then the decomposition (|23p of (y, V)|5 is induced by a 
decomposition of Cr\s- 

In that case, the R-structure of (V, V)|x\d called an R-structure of (V, V). I 

For each a G T{V), we can take a meromorphic flat bundle Gt^{V,V) on {X,D) with an isomorphism 
Grf (y, V) (E)Ox ^ (Va,Va), where (K, Va) are as in Recall that an i?-structure of (F,V) induces 

an i?-structure of Gr^(F, V). Indeed, for any strictly adapted sectors S, ([^ gives a unique isomorphism 
(^j^)|S — ®Gr^(F, V)|5, which induces an i?-structure of Gr^(F, V)|s. It is easy to observe that the R- 
structures can be glued when the strictly adapted sectors are varied. 

Lemma 4.8 Let (V^, V) be a meromorphic flat bundle on (X,D) which is unramified with pure slope. The 
following conditions are equivalent. 
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• (V^, V) has an R-structure Cr such that the induced R-structure Ca.B. o/Gr^(V,V) are local systems of 
free R-modules. 



There exists a frame v ofV®'C\z\ such that, for any strictly adapted sectors Si {i — 1, 2) with 5*10 52 7^ 
the entries of the Stokes matrix with respect to vg. (i — 1,2) are elements of R. (See (|24p forvs^-) 



• We can associate an adapted flat frame Vg of (V, V)|5 to each strictly adapted sector S such that, if 
S n S' ^ then the entries of the Stokes matrix with respect to Vs o,nd vs' elements of R. 

Proof The second condition implies the third. Suppose the third. By using the adapted flat frames vs for 
any strictly adapted sectors S, we can define an i?-structure of the local system. It is clearly compatible with 
the Stokes structure by construction, i.e., the first condition is satisfied. 

Let us prove that the first condition implies the second. We take a holomorphic frame Va of Gr^(y, V) such 

that Va ~ Va(^da Ir(a) + dz / , where Aa is a constant matrix. We may assume that the multi- valued fiat 

frame exp(— a/r(a) — ^0 log 2:) is a frame of £ a /s- We have a natural isomorphism Gr'^(y) (g)C|z] ~ T^(8)C|2;]. 
Let Va be induced by Va and the isomorphism. For any strictly adapted sector 5*, we take a fiat frame vs from 
V = (va)- It naturally gives a frame of Cr\s- Then, the entries of the Stokes matrices with respect to the lift 
of V are elements of R. I 

Remark 4.9 The conditions in Lemma 14.81 are equivalent to the existence of a covering X \ D = IJ^^ 5"^ by 
strictly adapted sectors, such that (i) each Si is equipped with an adapted fiat frame vs^ o/(y, V)|5. Vs^, (ii) if 
Si n Sj 7^ 0, the entries of the Stokes matrix with respect to VSi ^.i^d VSj are elements of R. It will be explained 
elsewhere. I 

Let us consider the case where {V, V) is not necessarily unramified but has pure slope. We have an appro- 
priate ramified covering ip : {X',D') — > {X,D) such that (p*{V,W) is unramified with pure slope. 

Definition 4.10 We say that an R-structure of {V,\7)\x\d is an R-structure of (V, V), if the induced R- 
structure of (f* {V,W)^x\d is an R-structure of (p* {V,W). I 

Suppose we have a decomposition (V^, V) = ©i=i(l^,Vi) such that X(Vi) nT(Vj) = if i 7^ Let d 
denote the local systems corresponding to (Vi, Vi). 

Proposition 4.11 If (V,V) has an R-structure Cr, it is compatible with the decomposition C — ^ Ci . Namely, 
each Ci has an R-structure Cm compatible with the Stokes structure such that Cr = ^Cpi. 

Proof Let 5 be any sector strictly adapted to (V, V). It is also adapted to each {Vi,Vi). The decomposition 
(l23t is compatible with the _R-structure of Cr. Because (l23l) is a refinement of the decomposition V = @Vi, 
we obtain that Cr is compatible with V — ^Vi. I 

Let us give a remark on the uniqueness of i?-structure in the case that i? is a subfield of C. Let (V, V) be a 
meromorphic fiat bundle on {X, D) with pure slope. Let C be the corresponding local system. 

Proposition 4.12 Suppose that (V, V) is irreducible, and that it has R-structures Cri {i — 1,2). Then, there 
exists a complex number a such that Cri = olUr^ in C The number a is well defined in C*/<!2*, where k* 
denotes k \ {0} for a field k. 

Proof Let ip : {X',D') — > {X,D) be a ramified covering (p{z) — z'^ such that V) is unramified. It has 

the i?-structures ip~^LRi, which are compatible with the Stokes structure of V). Let IIom^'(£fl;i, £^^2) 

denote the space of i?-homomorphisms / : Lr\ — > Cr2 such that, for any sectors 5 C X' \ D' adapted 
V), the restriction f\s preserves the decompositions of p}'~^CRi\s- It is naturally an i?- vector space. 
Similarly, let IIom®*(£,£) denote the space of C-homomorphisms / : C — )■ C such that, for any strictly 
adapted sectors 5" C X' \ D', the restriction f\s preserves the decompositions of p~^C\s- By the Riemann- 
Hilbert correspondence, Hom^'(>C,£) is naturally isomorphic to the space of fiat morphisms {V,SI) — > (V, V). 
By the irreducibility of (V, V), we have IIom^'(£,£) = C. The following naturally induced morphism is an 
isomorphism: 

nom^\CRuCR2) ®R<C^ HomS'(/:,/:) 

We take a non-zero element / e 11oit^^{Cri,Cr2). Then, there exists a complex number fi such that P f — id£. 
It implies the claim of the proposition. I 
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4.1.3 Appendix: Stokes filtration 

We also have a formulation of i?-structure in terms of the Stokes filtrations, which works even in the case that 
(y, V) does not have pure slope, although we shall not use it in this paper. For an adapted sector S, which 
is not necessarily strictly adapted, the decomposition (|23p is not uniquely determined. For simplicity, suppose 
(y, V) is unramified. We consider the filtration J^^ given by J^ai^s) — ®b<sa^i',s- Here, o <5 b is defined 
to be — Re(a) < — Re(b) on S. The filtration is given also by a growth order of flat sections of (y,V). In 
particular, it is independent of the choice of the decomposition It is called the Stokes filtration of (V, V). 
It induces a filtration of £|5 denoted by . 

Remark 4.13 Suppose that (V, V) is unramified with pure slope. Then, (V, V) has an R-structure, ij and only 
if the associated local system has an R-structure Cji satisfying the following conditions: 

• For each adapted sector S, the filtration J^^{C^s) is induced by a filtration J-^{Cins) of Cf^s- 

• The filtration J^^{Cii\s) has a splitting, i.e., J^^{£ji\s) — ^ -^a i-^Rls) / J^<ai'^R\s) has a splitting. 

Indeed, the "only if" part is clear. We shall explain the "if" part elsewhere. The condition for the Stokes 
filtration makes sense, even if (V, V) does not have pure slope. 

4.2 Integral structure of a certain meromorphic flat bundle 
4.2.1 Statement 

Let a = (fli I i = 1, . . . , r) e We set Pa.iT) l\l=iiT - e'^''^"'). Let diag[ai, . . . , a^] denote the diagonal 
matrix whose (i, i)-entries are a^. We consider the following meromorphic connection Va of V^: 

Vae = e (^K.{r, 1) - diag[ai, . . . , ar]j y (25) 

It is irregular singular at oo, and regular singular at 0. Let R be any subring of C, and let R* denote the set of 
the invertible elements in R. 

Theorem 4.14 The meromorphic flat bundle (Vr,Va,) has an R-structure if and only if Pa(T) G R[T] and 
-Pa(O) (z R* . In that case, the induced R-structure on Gr^(V,., Vq) are local systems of free R-modules. (See 
the remark right before Lemma [4.81 for the induced R-structure o/ Gr^(Vr, Va).j 

Let us prove the "only if" part. Suppose (Vr,Va) has an i?-structure £r. Let Rf := R[f~^]. We may 
assume that R is finitely generated over Z. Take any f G R such that Cji (E)r Rf is a locally constant sheaf 
of free i?/-module. We have Pa[T) G Rf\T], because the polynomial Pa{T) is the characteristic polynomial 
of the monodromy along the loop around q = in the counter clock-wise direction. Because Cn is a locally 
constant sheaf of finitely generated projective i?-modules, we can take /i G i? (j = 1, . . . , N) as above such that 
Spec(i?) = USpec(%). Hence, we have Pa.{T) G R[T]. 

To prove the "if" part, we shall observe that the non-zero entries of the Stokes factors with respect to some 
natural frames can be described in terms of the coefficients of the polynomial Pa{T) fProposition 14.21]) . 

Before going to the proof, we shall give some consequences. 

Corollary 4.15 Let TZ denote the subring of C generated by ^^'^'^V^ai (^i — , , _ ^r) over Z. Then, (V^, Va) 
has an TZ- structure. I 

Corollary 4.16 For the expression Pa{T) = + X)^=o Pj'^^ ! ^ denote the subring of C generated by Pi 
(i = 0, . . . , r — 1) and P^^ over Z, Then, (V^, Va) has an TZ-structure. 

Corollary 4.17 Suppose a G . Then, (Vr, Va) has a Q-structure if and only if Pa{T) G Z[T]. In that case, 
(Vj-jVa) has a 7j- structure. 

Proof If (Vr,Va) has a Q-structure, we have Pa{T) G Q[r]. Because e^^^'^°* are algebraic integers, we 
obtain Pa{T) G Z[T]. The converse is clear from Theorem 14.141 I 
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4.2.2 Preliminary 

In the following, Va will be denoted by V. Let Lp : — > Pj be the ramified covering given by ^p{'w) = . 
The pull back (^*(Vr, V) is denoted by (V°, V°). We put t := exp(27rv^/r). We set Vj := V*e»- 

Lemma 4.18 We have 'V°v — v (diag[T^^, . . . ,t^^] rdw + Bdw/vo^ for some constant matrix B. For any i, 
the {i, i)-entry of B is b := — ^ aj — {r — l)/2. 

Proof It can be checked by a direct computation. We give an indication. Let v[ := w^^'^^ei. Let C be a cyclic 
matrix such that the (i, j)-entry is 1 if z — j = 1 modulo r, or otherwise. Then, we have 

V°t)' = v' ( Crdw — (diag[ai, . . . , ar]r + [0, 1, . . . , r — l])dw/i 



Let T be the r x r-matrix whose (i, j)-entries are r*^. We have v = v'T. We have T ^ = r ^ (r *^). We 
set B := — (r diag[ai, . . . , a^] + [0, 1, . . . , r — 1])T. Then, we obtain the formula for V°t;. Moreover, the 
(i, i)-entries of B are ^r~^T~'^^—ajr + 1 — j)T^^ — ^^2^: ~ ~ l)/2- I 

By a standard argument as in [27 , at the formal completion oo, we have a formal frame p such that 

V°p = p (^diag[r-\ . . . , r'^r dw + diag[6, ...,b] (26) 

In particular, we have I(V°) = {r-r^^w | i = 1, . . . ,r}. We set := rT~^w. We use the convention = a^+i- 

Let /i^ {k g C I = l}. It is regarded as the Galois group of the ramified covering with the action 
(k^w) I — > Kw. The meromorphic flat bundle (V°,V°) is naturally /^r-equivariant. We have the ambiguity of 
the choice of p, i.e., the scalar multiplication of each pi. We have {T^^)*pj = £,jPj+i for some e C* with 
respect to the action. We have Yl^j = 1. 

4.2.3 Flat frames 

We consider the following sectors: 

Si := {w I |arg(w) - (7r/2 - e)| < n/2} S2 {w \ |arg(u;) - (7r/2 + 27r/r- e)| < 7r/2} (27) 

Here, e is a sufficiently small positive number. We have r(S'i) — 82- We put 5' = 5i U 6*2 U {arg(u') = 2n/r — e}. 
The last term is necessary only in the case r = 2. 

It is easy to see that Si {i — 1,2) are strictly adapted to the connection V°. We have the following fiat 
decompositions as in ([23]) : 

^5. - Vg..a (28) 

aei(v°) 

We set uj := e^^"-^^ € R* . Let C\ = ((Ci)ij) be the r x r-matrix such that (Ci)y = 1 if i — j = 1, 
(Ci)ij = w if {i,j) ~ {r, 1), and {Ci)ij — otherwise. 

Lemma 4.19 There exist flat frames Pg. = {pj.Si \j = 1; ■ • ■ j?") ofV°g, such that (i) Pj.Si Oi^e fiat sections of 

Proof We put wi :— e^'^v^''/'". Let p be a formal frame of V° at 00 satisfying ((26)) . By adjusting the scalar 
multiplication, we may assume that pj = U!{~^ ■ {t^~-')*Pi. Then, we have {t~^)*p — pC\uj^^ . 

On any strictly adapted sector S, we have a unique holomorphic frame pg of V such that pg is asymptotic 

to p, and Vps = P5^diag[T~^, . . . , t~^\ rdw + diag[6, . . . , b]dw/vuj holds. We fix a branch of logu; on 5*1 U S'2. 
If r = 2, we impose that it is analytic on S. We define 

Ps, PSi exp(diag[-T~\ . . . , ~T^'']rw) exp(-61ogw). 
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which gives a flat frame on S. Then, we have the following equalities: 

(t^^TPSi = i'^^^TPSii^^^y (exp(diag[-r"^ru;, . . . , -r^^'rw]) exp{~blogw)j 

~ pg^CiLOi^ exp(diag[— T^'^rw, . . . , —r^'^^^rw]^ exp(— 61ogz«)a;i 
— pg^ exp(diag [T~"^rw, . . . , T^^rw]) Ci exp(diag[— r^^rw, . . . , —r^^^^rw]) = pg^ Ci (29) 

Thus, the proof of Lemma [4. 191 is finished. I 
To adjust the signature in the later formulas, we set 

„ ^P.-A (j = l,...,[(r-l)/2]) 

^^■■^•■"l Pj,S. (j = [(r-l)/2] + l,...,r). 

We define yj.Si for any j e Z by using the convention yj+er.Si = yj,Si- 

Lemma 4.20 If r = 2m, there exist complex numbers aj (j = 1, . . . , m — 1) and Pj (j = 1, . . . , m) such that 
the following holds: 

yj.S2 (0 < j < m - 1) 

y3,si = { yj.s2 + a-jy-j.s2 + P-]y-j-i..s2 (-"^ < j < o) 

y-ni,S2 + Pniyni-l,S2 U = -"^) 



If r = 2m, + 1, there exist complex numbers aj and 13 j [j — 1, . . . , m) such that the following holds: 

Vj-.Si = 

Proof On the half line arg(-u;) = 0, we have 



y],S2 (0 < j < m) 

y],S2 + a-j-y-i.Ss + l3-jy-j-i,S2 i-m < j < 0) 



Re{-T-'^w) = Re{-T^-w) {£ = 1, . . . ,[{r ~ l)/2]) 

On the half line arg(w) — n/r, we have 

Re{-T-'^w) = Re{-T'^+^w) {£^0,1,..., [r/2] - 1) 

On 5*1 n 5*2, we have Re{—T^^w) < Re{—T^w) and Re{—T^^w) < Re(— t^+^w) for i as above. Then, the claim 
of the lemma follows. I 

4.2.4 Stokes factor 

We set Xj^Si ■= y-[r/2]+j-i.Si and xg. — (xi_Si, • ■ • ^^r.Si)- By construction, we have 

{T-'yxs,^xs,Ci. (30) 

We can naturally regard xg. as tuples of flat sections on S. Let A be the matrix determined by xg-^ ~ xg^A. 
If r — 2m, we have the following: 

r 1 (k^i) 

^\ I3j {k,£)^{m + j,m-j + l), {I < j < m) 
''^ I aj (A:,^) = (m + j + l,m-j + l), (1 < j < m - 1) ^ ' 

[_ (otherwise) 

If r = 2m + 1, we have the following: 



1 (k = £) 

Po ik,i) = 

aj (k,() = 

(otherwise) 



^ , Pj {k,i) = {m + j,m~ j + 1), (l<j<m) , - 

" ^ aj {k,e) = {m + j + l,m~j + l), (1 < j < m) ^ ' 
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For example, if r = 4, we have the fohowing relations: 



/I ^ 

10 

^1 1 

\ 132 ai 1 / 



If r = 5, we have the following relation: 



XSi = Xs^ 
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[t ^)*Xs^ = XS; 
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4.2.5 The Stokes factor and the monodromy 

The following proposition means that the non-zero entries of the Stokes factor A is described by the coefficients 
of the polynomial Pa,{T). 



Proposition 4.21 We have the following formula: 

[(r-l)/2] 



[r/2] 



Proof We naturally regard xs^ and (r~^)*xsi as tuples of flat sections of (V°, V°)|s. The monodromy of 
(Vr,V) along the loop in C* around in the counter-clockwise direction is the relation between xs-^ and 
(t'^Yxsi, and it is expressed by the matrix M determined by xs^ = (t^^)* xs^M . The characteristic poly- 
nomial of M is Pa{T). By the definition of A and the relation (pO)) . we obtain M = Ci^A. In particular, 
the characteristic polynomial Vq-i^{T) of C^^A is equal to Pa{T). It is elementary to prove the following 
formulas: 



_rpr-2j 



If aj = and f3j = for any j, we have 7^p-i^(T) = — lj. Then, we obtain the claim of Proposition 14. 211 I 
4.2.6 End of the proof of Theorem \4A^ 

Suppose Pa{T) G R[T]. We obtain that the entries of A are elements of R by Proposition 14.211 We also have 
uj e R* . We set 53/2 := {w | |arg(w) — (7r/2 -I- n/r — e)| < 7r/2}. It is standard to construct an adapted flat 
frame xs^,^ by using the factorization of the matrix A. Let A^^^ and A^^-' be the matrix as follows: 



^ki — 



{k,£) - ([r/2] + j, [r/2] - j + 1), (1 < j < [r/2]) 
otherwise 



1(2) 



1 {k = l) 

a, (fc,£) = ([r/2]+j + l,[r/2]-j + l). 



(l<J<[(r--l)/2]) 



We set xs-j^i^ '■— xs2A^'^\ Then, we have xs^ = aJs^^^A^^'. The entries of A*^*^ and (A^^^) ^ are integers. 



For ^ = j + 1 or j + 3/2 (j = 0, 



1), we set Se := T^{Se-j). They are strictly adapted to (V°, V°). 



We have adapted frames xs,, := {T^^)*xSf_jCi-' of (V°, V°)|5^. The Stokes factors with respect to the frames 
xSj^3/2 ^-nd iCSj+i is CfA'-^^Ci-^ . The Stokes factors with respect to the frames 355^^.2 and xs-^^^^ ClA^'^^C^-' . 
We remark that {t~'^)*xsiCi'^ — xsg, where we care the analytic continuation of log w. Any strictly adapted 
sector can be deformed to one of Sg preserving the strictly adaptedness. Therefore, we obtain Theorem 14. 14[ 
according to Lemma l478l I 
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4.3 Integral structure on the pull back 
4.3.1 Statement 

We continue to use the notation in ii4.2l Suppose that e^'^'^V^at algebraic integers. Let m be a positive 
integer. We consider the foUowing meromorphic connection vi'"' of Vr' 

V^.'^^e = e (K.{r, m) - diag[ai, . . . , a^])m^ (33) 

Let X C C be an algebraic number field. Let R be the ring of integers in K. 
Theorem 4.22 // (V^, vi™'') is irreducible, the following conditions are equivalent. 

• (VrjVa"'') has an R- structure. 

• (VrjVa"'') has a K -structure. 

• There exists 7 G C* such that (i) 7" g K, (li) nLi(r " -fe^"'^"^) G K[T]. 

Proof The first condition clearly implies the second. Let us show that the second condition implies the first. 
Let /C C C be a sufficiently large algebraic number field which contains K and g^'^^/^"' (i = 1, . . . ,r). Let TZ 
denote the ring of integers in JC. Because ni=i(^ ~ g27rv^aij ^ 'R-\T], according to Theorem 14.141 (V^, Va) 
has an 7?.-structure. Because (Vr, vi™^) is isomorphic to the puU back of (V^, Va) by ^Pm{q) = 9™, (V^, vi™^) 
also has an 7?.-structure, denoted by £7^. Let Lk be a /C-structure of (VriVa""*) in the second condition. By 
Proposition 14. 121 we may assume L-n ®ti IC = Ck ®k ^ by adjusting Lk- Then, we obtain an i?-structure Lr 
of (V,-, vi™') by using the following lemma. 

Lemma 4.23 Let Vk be a finite dimensional K-vector space. Suppose that we are given an TZ-lattice Vji of 
Vic := Vk ®k IC. Let t : Vk — > Vic denote the natural inclusion. Then, Vr :— l^^{Vtz) is an R-lattice ofVK- 
Moreover, if we are given decompositions Vk = ^Ki and Vn = ®igx such that Vki^kIC = Vjh^tzIC, 

then we have an induced decomposition Vr — VRi such that Vri ^r K = Vki and Vri ®Ti,= V-jzi- 

Proof If we regard Vu as an i?-module by i? C 7?., then it is finitely generated over the Noetherian ring R. 
Because Vr is naturally an i?-submodule of V-jz, it is finitely generated over R. It is torsion- free. Because R 
is a one dimensional regular ring, Vr is projective. Let j : Vr — > Vk be the natural inclusion. The induced 
morphism jK ■ Vr (Sir K — > Vk is injective. For any / G Vk, there exists an integer Uf such that nfb{f) G V-ji. 
Hence, jk is surjective. Thus, we obtain the first claim. We can easily obtain the second claim by using the 
first claim. Thus, Lemma 14.231 is proved. I 

Let us show the equivalence of the second and third conditions in Theorem l4.221 We put k := exp{27T\/—l/m) 
and ^rn ■= I J = 0, 1, . . . , m — 1}. We consider the /im-action on given by {k^ ,q) 1 — > n^q. We have a 

/x„i-action on Vr given by K*ei < — > ei. The connection vi™'' is equivariant with respect to the action. 

For any G C, let L{i') be the meromorphic flat bundle Opi (*-D) yu with Vy^ — yi, vdq/q. The multi-valued 
flat section is given by pi, :— y^, exp(— ^/logg). We consider a /im-action on L{v) given by = j/i/. The tensor 
product (Vr, vi™') (X) L{iy) is equipped with an induced /im-action. Its descent with respect to the /Xm-action is 
isomorphic to (V, V), where V' is given as follows: 

V'e = e (jC{r, 1) — diag[ai ~ v/m, . . . ,ar — v/m]^ — (34) 

Suppose the second condition. Let Ck be a i^-structure of (Vr,Va"''). By Proposition 14.121 there exists 
a 7 G C* such that {k^^)*£k = I^k- We have 7™ G K* . We take ly such that exp(-27rA/^z//m) = 7. 
Then, L{i') has a i^T-structure C^, given hy K C C^, and we have {k~^)*Ci, = j~^C^. Because the induced 
if-structure CK®Cfj_ is /im-equivariant, we obtain a if-structure of (Vr, V'). Applying Theorem l4.141 we obtain 
n[=i(T - ^e^^^^'^') G K[T], i.e., the third condition holds. 



24 



Suppose the third condition. We take € C such that exp(— 27r-\/— li^/m) = 7. By Theorem 14.141 (Vr, V) 

has a iiT-structure. It induces a if-structure on (Vr, vi'"'*) (g)L(j^), and hence a if-structure on (Vr, vi"'"*). Thus, 
Theorem 14.221 is proved. I 

We have a special case of Theorem l4.22l 

Corollary 4.24 Suppose that a G Q''. Then, the following conditions are equivalent. 

• (Vf, vi"*'*) /las a "L- structure. 

• (VrjVi'"'') /las a Q^- structure. 

• There exists 7 G C* smc/i i/iat (i) 7™ G Q, (^Mj nl=i(^ " 7e2'^^/^°0 G QI^"]- I 
4.3.2 Examples 

Let us consider the conditions in the case that r = m is a prime number, and that K — and R = 1,. 
We begin with a preliminary. Take 7 G M>o \ Q such that 7'" G Q. Let P be the minimal polynomial of 
r] := 7e^'^^/~^"/('' where u and v are integers such that g.c.d.(M, u) = g.c.d.(r, w) — g.c.d.(r, w) — 1. 

Lemma 4.25 Suppose deg(P) < r. 

• If r is an odd prime, P ~ T^ ± . 

• Ifr = 2, we have P = ± 7^ unless {u,m) = (1,3), (3,2). 

• If r = 2 and {u, m) = (1, 3), we have 7 G V2Q>o and P{T) G {T^ + 26r + 26^ | 6 e Q} . 

• If r ^2 and {u,m) ^ (3,2), we have 7 G V3Q>o a«rf ^'(T) G {T^ + ihT + il? | 6 G Q}. 

Proof We set K :— Q{ri). By the hypothesis, we have [K : Q] < r, where [Ki : K2] denotes the degree for a 
finite extension Ki over K2. Because 77'''"^^ — r^'^'"''^^ -/^{rv) j u ^ have ^'^'J^l^ g K_ 

Let us consider the case that r is an odd prime. Suppose m > 2, and we shall derive a contradiction. We have 
^r—iu ^ ^r'"-i«g2,rv/^i,/r g ^^^^j j^g^^^g g2,.v^/r g Bccausc [Q(e2'^^/'') : Q] = r - 1 and [if : Q] < r, 
we obtain K = Q(e2'^^/'') and deg P = r - 1. Because nQ'^H^ ~ ^g2^v^»/r'"n) ^ j.r-u _ ^r-u g qj^j^ 
number conjugate to r\ over Q is of the form 76^^^^/^^ for c G Q. We have P = 11^=1 ~ --ye^'^^'^'^j ) for some 
Cj e Q (j = l,...,r- 1), and hence P(0) = {-Vf-'^-^-'-^e^'''^^''^ . If e^^^^^^^ ^ R, we have P(0) ^ Q by 
considering the polar part. If e^'^^/~^^'^J G M, then e^'^^'^^''^ = ±1, and hence P(0) ^ Q. It contradicts with 
the hypothesis P(T) G Q[T]. Thus, we obtain m < 1. 

If m < 1, we have 76^'^^/^*/'" g A' for some integer t. Recall that T'' — 7'' is irreducible in Q[r]. Let Q be an 
algebraic closure of Q, and let / : Q — > Q be an automorphism of the field over Q such that 7(76^'^^'^*/'") = 7. 
Then, /(gS'^V^/") g ^^(7) C M. We obtain u = 1,2, and ry = i-ye^'^^^"/''. Then, its minimal polynomial is 

j^r _|_ ^ 

Let us consider the case r — 2. If to = 0, we have 7 G iiT and ^"^^^/-^"/^ £ x. Hence, we have K = Q(7), 
and e^''^"/" G Q(7) C M. We obtain ri = ±7, and hence P(r) = „ ^2^ Suppose to > 1. We have 
g27rV^V(2'"-i«) g g2,rv^V(2'"~in) g then we have c^'^^"/ (2"") g {±1,±\/^}. Hence, P = r2±72. 

Suppose e2'^v^"/(2'""'") ^ Q. We have A' = Q(e2'rv^^/(2"~'«)). Because [AT : Q] = 2, we have u = 1 or 3. 

In the case m = 1, we have to = 3, because g'^'^V-^"/'^"^ ^ Q with degree 2. If {u,m) — (1,3), we have 
K = Q[^/^ and = -ye2^v^^/8 g Q[-1], where w = 1, 3, 5, 7. Then, we obtain 7 = V2a for some a G Q>o. 
The minimal polynomial of rj is either one of the following (Cg := ^'^'^V^/sy^ 

(P - V2aCs) {T - V2aCl) = P^ _ 2aT + 2a^, (P - %/2aC|) (P - ^20(1) = P^ + 2aP + 2a2 

Similarly, if u = 3, we have to = 1 or 2. If (u,to) = (3, 1), we have K — Q(e^'"^^^/'^) = Q(^/— 3). Because 
^g27rV^i'/6 g Q(^— 3), we obtain 7 G Q>o, which contradicts with our assumption 7 ^ Q. If (u,to) = (3, 2), 
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we have r^e^'^^-T^'"!^'^ g Q(-v/— 3), where w = 1, 5, 7, 11. Hence, we obtain 7 S -\/3Q>o- The minimal polynomial 
of r\ is either one of the following (C12 = e^'^^/~^/^^): 

{t - %/3aCi2) {t - V3aCi") = _ 3^7^ + 3^2^ _ ^flaCX^ (t - ^30(12) = + 3aT + 30^ 

Thus, we obtain Lemma [4.251 I 
If r is an odd prime, we have no exceptional cases in the following sense. 

Proposition 4.26 Suppose (i) r is an odd prime, (a) a e W, ftii) iVr,ya^) is irreducible. Then, (Vr,vi'^^) 
has a "L-structure, if and only if there exists a half-integer I such that YVi=ii'^ ~ e^'^^'^^'-"'^^/'"-') G 

Proof By Theorem 14. 22i (Vr, vi'^') has a Z-structure, if and only if there exist 7 £ M>o and a half-integer £ 
such that (i) Y G Q, (ii) nLi(^ " ^g277V=T(a.+f/r)) g Q[yj_ g^pp^gg ^ ^ Q. By using LemmagSH we obtain 
Ul=iiT - ^e^^^i'^'+'^M) = T'' ± 7''. It implies that Ul^ii^ - e2'^v^(«'+^/'-)) e Q[T]. Hence, we obtain the 
proposition. I 

If r = 2, we obtain the following proposition from Lemma [4.251 We have the exceptional cases. 

Proposition 4.27 Suppose (i) a € Q^, (ii) (V^, V^^-') is irreducible. Then, (Vr-,V'-2-') has a Z-structure if and 
only if there exists an integer n such that one of the following holds: 

• {01,02} = {-1/8 + n/4, -7/8 + n/4} 

{01,02} = {-1/12 + n/4, -11/12 + n/4} or {-5/12 + n/A, -7/12 + n/A}. I 



Let us compute Stokes matrices in a case. The other cases can be computed similarly. Let (01,02) = 
(-1/8, -7/8). We have 7 = \/2 and 

(T- 7e^''^°i)(T'-7e^''^"') = - 2T + 2. 

We have b = — (oi + 02) — (r — l)/2 = 1/2. We take a formal frame p = {pi,p2) compatible with the Hukuhara- 
Levelt-Turrittin decomposition such that 

, ^ W -2 

We put p := {p2,pi). 

Let 5*1 :— {— e < argg < tt + e} and S2 ■= {—tt — e < argq < e}. We put Ti := {tt — e < argq < tt + e} and 
T2 {— e < argg < e}. We have 5*1 n 6*2 = Ti U T2. We take flat frames pg., which are Ufts of p. On Ti, we 
have 



We have 

Let M be the monodromy matrix given by pg_^ = (— 1)*P5^. Then, we have 
We obtain - 2T + 2 = (T - 2a)T + 2 and hence a = l. 
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Let pg. be the lift of p . On T2, we have 
We have 

(-l)*Pk=P5.^( _°2 I) 
Let M' be the monodromy matrix given by pg = {—l)*pg . Then, we have 

We obtain - 2T + 2 = (T + /3)T + 2 and hence /3 = -2. 

5 Harmonic bundle with homogeneity 

5.1 Preliminary 

5.1.1 Holomorphic vector fields 

Let X be a complex manifold. The tangent bundle TX is equipped with a complex structure, i.e., an auto- 
morphism J with J2 = -1. We have the canonical decomposition TX Ok C = T^'^X ® T^-^X, i.e., T^'°X 
and T'^ '^X denote the eigen spaces of J corresponding to \/"-T and —^/—l. The bundle T^'^X is naturally a 
holomorphic vector bundle on X, and T^'^X is naturally a holomorphic vector bundle on the conjugate X^. 

For the natural conjugation on TX C, we have T^'^X = T'^^^X. 

A section of TX has the decomposition = 0-'^'° + 0"'"'^, and we have 0^'" = d"'^. The section D is 
called holomorphic, if 0^'" is a holomorphic section of T^'°X, which is equivalent to that o"'^ is a holomorphic 
section of T^'^X"^ = T^'^X on X^. If we are given a local coordinate {zi, . . . ,Zn), we have the expression 
= J2{fi^zi + fi^i)- It is holomorphic if and only if /j are holomorphic. 

Lemma 5.1 Le< Ltp denote the Lie derivative on O^. The following conditions are equivalent. 

• The vector field is holomorphic. 

• L„n^^'^ c il^'' /or any p, q. 

• =0. 

• [L„,5jf] = 0. 

Proof If = ^{fidzi+ fiCh), we have L„{dzi) = dfi, from which we can deduce the equivalence of the first and 
second conditions. Because [Lx,,dx] =0, the second implies the third and fourth. If the third condition holds, 
we have L„{dzi) = L„dxZi = dx{Lx,Zi). Hence, we have Lx,fl])f C Similarly, we have L^fl^^ C ^'x^ ■ 

Then, we obtain the second. Clearly, the third and the fourth are equivalent. I 

5.1.2 An action on vector bundle 

Let i? be a C°°-vector bundle on X. We identify it with the sheaf of C°°-sections. Let be a vector field on X. 
An action of on ii^ is a C-linear map of sheaves : E — > E such that Lf(fs) = o(/) s+fL^{s). It is standard 
that, an action of on _E uniquely induces an action of on n\(E)E satisfying L^{u!(E)s) = L„{u])(S)s+U]^L^{s). 
A section / of is called homogeneous of degree a <E C with respect to U, if L^f = af. An action of ti on Ei 
{i = 1, 2) naturally induces an action on Ei (B E2, Ei ^ E2 and Hom(£'i, E2). 

Suppose that i5 is a holomorphic vector bundle, and that is holomorphic. An action of on is called 
holomorphic, if [Lf, ds] = 0. The following lemma is clear. 

Lemma 5.2 Let E^"^ denote the sheaf of holomorphic sections. A holomorphic action of n on E induces a 
C-linear map : E^^°^ — > E^°^ such that L^{f s) = L„{f) s + f L^{s) for local sections f G Ox and s G E'^°\ 
Conversely, such a C-linear map on E^°^ induces a holomorphic action of \} on E. I 
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5.2 Homogeneous harmonic bundle and integrable variation of twistor structure 

Let X be a complex manifold with a holomorphic vector field 0. A harmonic bundle {E,dE,0,h) is called 
homogeneous of degree m e M, with respect to 0, if E is equipped with a 0-action such that [L^, Oe] = 0, 
Lf(/i) = and [if, 6*] = ^J^mO. Note that we have [L^,dEM] = and [if, 6*]^] = --^/^me'^ . In the 
following, we impose that m 7^ 0, and we shall observe that the associated variation of twistor structure is 
naturally integrable, if m 7^ 0. 

Remark 5.3 Suppose [Lf , 6] — aO for some complex number a ^ instead of [if, 9] = y/—lm6. Then, 

the local structure of the harmonic bundle is easy. See Proposition 15.81 below. Hence, we exclude the case. I 

5.2.1 The associated meromorphic flat connection 

We set X := C\ X X and := {A} x X. Let p\ : X — > X denote the projection. We have the holomorphic 
vector bundle £ = p^^E with the holomorphic structure Oe + + d\. It is equipped with the relative flat 
connections 

:£ ^£(g> n\,/c>. ® Ox{X") 

given by := (^B + A6lt) + (a^ + A-ig). 

Let D := \:> + m^/^[X^x — \&x)- We have natural actions of m^/^{^X^x — X&j^) and onp^^(£'). They give 
an action of on p' -\E), denoted by Lf. We have [Lf,V^] = [L^^ds] = 0. We can check by an elementary 
computation that £ has a unique meromorphic flat connection 

V :£ £®9}x (log X^) (g) 0{X"), 
such that (i) V„ = for any vector fields v in the X-direction, (ii) = L~. 

5.2.2 Conjugate 

Let X^ denote the conjugate of X. We set X^ := x X^ . The projection X^ — > is denoted by p^. We 
obtain a holomorphic vector bundle £^ :— (p'^^E, p*^dE + M^). It is equipped with the relative flat connection 

Note that naturally gives a holomorphic vector field on X^ . The harmonic bundle {E, dE,d^ , h) is homo- 
geneous of degree — m with respect to 0. By the same procedure, we obtain a meromorphic connection 

■.£^ £^ (E)n\,^{logX°^) (g) OiX'^^). 
We identify and C* by A = /i^^. We have a natural identifications £\cixx — £\c* xxi- 
Lemma 5.4 On x X, we have V = V^. 

Proof We have only to prove that Wg,^ = Vg^. We remark ^/^m{Xdx — Xd£) = ~\f^m{^d^ — Jldp). By the 
constructions, we have the equalities Vy — V^, if F is + y/—lm{Xd\ — Xdj), or if 1/ is a vector field in the 
X-direction. We obtain ^ xdx-\d- ~ ^la Jd-' ^^'^^^^^ dA-parts are the same, we obtain Vg^ — V^- I 

5.2.3 Polarized integrable variation of pure twistor structure 

Let p : X X — > X be the projection. Due to Simpson [5^, we have the polarized variation of pure twistor 
structure {p^^{E),'B)^) of weight 0, associated to {E,dE,9,h). (See [33] for a review.) Lemma \5A\ implies 
that the operators V and V''' gives a TT i;-structure of p^^{E). ([I7l. See §2.1 of [33Lfor a review of 
TTiJ-structure.) Hence, we obtain an integrable variation of pure twistor structure (p^^(-B), D^), which is an 
enrichment of {p~^{E),D'^). 

Let cr : — !■ Pi be given by cr(A) = (-A)-^ The induced map x X — ^ P^ x X is also denoted by 
a. A polarization 5"^ of (p-i(£'),]D)'^) is a pairing of {p-'^iE),D^) and a*{p''^{E),I}^) taking values in the 
trivial line bundle on P^ x X, satisfying some conditions. In this case, it is given by Sh{u, a*v) :~ h{u, a*v) for 
sections u and v of p^^{E) on U and cr(Z^), respectively, where U is any open subset of P^ x X. 
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Lemma 5.5 The polarization is compatible with the integrahility, i.e., for local sections u,v of p ^{E), we have 

XdxShiu,a*v) ^ Sh{'^\dxU,a*v) + Sh{u,a*{\'xd^v)). (35) 

Proof We have dxh{u,v) = h{y^u,a*v) + h(u,a* {\/^v)) . Hence, for a vector field V in the X-direction, we 
have _ _ 

Vh{u, a*v) = h{S/vu, (t*v) + h{u, a* (V^w)) . 

We have d\h{u,a*v)dX — h(^d\ud\, a*v) + h(u, a* {dfj^v dp)) , and hence 

Xd\h{u,a*v) = h(^X\/ju,(T*v) + h(^u,a*{'p\7jzv)). 
Note o-*(o) = 0. We have '5h{u,a*v) = h(L^u,a*v) + h{u, a* {L^v)) . We deduce 

Xd\h{u, a*v) — h{XVxu, a*v) + h{u, (T*(/iV^w)), 
i.e., we obtain ([35]) I 

5.2.4 Equivalence 

Let (F^,D^) be an integrable variation of twistor structure on X. If D^(s) is for any C°°-section s of , 
then {V^,'B^) is called homo geneous of degree m with respect to 0. If we describe (y^,D^) as the gluing of 
T£;-structurc (V, V) and r£;-structure (V^, V'''), the condition is equivalent to VjV C V and Viv^ C 

In §5.2.1l [5^2.3l we explained that a harmonic bundle with homogeneity of degree m with respect to induces 
a polarized integrable variation of pure twistor structure of weight which is homogeneous of degree m with 
respect to 0. The construction gives an equivalence, which is a variant of the fundamental result due to C. 
Simpson (See [T7] and [31] for the TERP case and the integrable case.) 

Proposition 5.6 Suppose that (V^ ,^}^) is pure of weight and equipped with a polarization S. Then, the 
corresponding harmonic bundle is naturally homogeneous of degree m with respect to 0. The constructions are 
mutually converse. 

Proof Let p : x X = X — > X denote the projection. Let {E, dE,d,h)he the harmonic bundle corresponding 
to the polarized variation of pure twistor structure of weight 0. Let and Bpi denote the restriction of 
to the X-direction and P^-direction, respectively. Let dpi denote the (0, l)-part of D^i. We have = p^^{E) 
and = dE + Oe + XO'' + X~^9. Note that [dpi,D~ ] = 0. Hence, for any C°°-section s of E, we can define a 

C°°-section L^s of E by the condition D^p~^(s) — p^^^Lfs). It is easy to check that gives an action of D 
on E. 

We have another description of . Let X° :— {0} x X C X. For any C°°-section s oi E — ^^o, we take 
any C°°-section s'of such that s\x° — ^- Then, we have L^{s) = B~{s)\x°- 

Let = Bi^° + D°'i denote the decomposition into the (1, 0)-part and (0, l)-part. We have [D- , ©O-i] = 
and [of , AD^-O] = y/^mXB^-^ . By using the above description, we obtain [if , ^s] = and [Lf , 9] = y^m0. 

For C°°-sections u and v of E, we have S{p^^u, a*p^^v) = h{u, v). Because 

vS{u,a*v) ^ S{Dfu,a*v) + S{u,cr*{Dfv)), {Xdx -Xdj;)h{u,v) =0, 
we obtain L^h = 0. It is clear that the constructions are mutually converse. I 

5.2.5 Appendix 

Let {E,dE,9,h) be a harmonic bundle on X. Suppose that E is equipped with an action of a holomorphic 
vector field such that [L^ , Oe] = 0, Lf{h) = and [L^ , 0] = a9 for a complex number a ^ IR. 

Lemma 5.7 We have [OejOe] — and [9, 9^ = 0. 
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Proof For each pomt of P G X, there exists e > 0, such that {E,dE,e''°'9,h) are harmonic bundles for any 
— e < s < e on a neighbourhood Xp of P. We obtain [OejOe] + e^'^ ^^^"^ [9 , 9^ = 0. Then, the claim of the 
lemma follows. I 

Proposition 5.8 Let P be any point of X . There exist a simply connected neighbourhood Xp of P, holomorphic 
functions O; (i — 1, . . . , £) and an orthogonal decomposition {E, 9)\Xp = ®{Ei, dai id^J. 

Proof The Higgs bundle {E,9) naturally induces a coherent OT'X-nrodulc. Its support with the reduced 
structure is called the spectral variety of the Higgs bundle, and denoted by J^E,e- We say that a point Q E X 
is generic with respect to {E,9), if the projection Sg^g — > X is unramified over Q. 

Suppose that P is generic with respect to {E,9). We take a holomorphic coordinate (2:1,..., z„) around 
P. We have the description 9 = Y^^^^i fidzi. Let denote the adjoint of fi with respect to h. Because 
[fi,fj] — for any i and j according to Lemma l5.7i we have an orthogonal decomposition E^p — Ea. 
such that /j|p = ®a'^i^'^Ea s-nd f^p — ®Q,aiidE^, where denotes the i-th component of a. On a 
small neighbourhood Xp 9 P, we have a unique holomorphic decomposition E^Xp = ©aeC" such that 
ME'J^K andi?;|p = i?„. 

Because P is supposed to be generic with respect to {E,9), there exists a holomorphic function /S^.i such 
that fi\E'^ = /^ct.jidfi^. Because we have dE9 = 0, we obtain that '^^^i Poi,idzi is closed. Hence, there exist 
holomorphic functions b{cy.) such that / = ^db{a.)idE' ■ Hence, we are done in the case that P is generic. 
Note that the decomposition E^Xp — ® E'^ is orthogonal, and hence flat with respect to the Chern connection 
ds + dE- 

Let us consider the case that P is not necessarily generic. Let Xp be a simply connected small neighbourhood 
of P. There exists a point Q E Xp which is generic with respect to {E, 9). On a small neighbourhood Xq 9 Q in 
Xp, we have holomorphic functions and an orthogonal decomposition {E,9)^Xq — ®{Ei, duiidEi)- Because 
the decomposition is flat with respect to dE+dE, we can uniquely extend it to a flat decomposition E^Xp — ® 
which is orthogonal with respect to h. It is easy to deduce that 9{E[) C Pj', and that 9^e'. has a unique eigenvalue 
da',. " I 



5.3 Semi-infinite variation of Hodge structure 

5.3.1 Real structure and semi-infinite variation of Hodge structure 

Let X be a complex manifold. Let {E,dE,9,h) be a harmonic bundle on X. The dual vector bundle P^ is 
naturally equipped with a Higgs field 6*^ and a hermitian metric ft.£;v, so that {E'^ , d e'^ , 9"^ , h"^ ) is a harmonic 
bundle. Let C be a non-degenerate symmetric pairing of (E^Oe), such that the induced map $0 ■ E — > E^ 
gives an isomorphism of harmonic bundles, i.e., it is an isometric with respect to h and /i^, and 9 is symmetric 
with respect to C. We have 

dC{u,v) = C(dEU,v) + C{u,dEv), C{9u,v) - C{u,9v) = 0. 

Because $0 is an isometry, we have 

dC{u, v) = C{dEU, v) + C{u, Oev), C{9^u, v) - C{u, 9^v) = 0. 

Hence, we obtain 

dC{u, v) = C{(dE + X9^)u, v) + C{u, (Be - X9^)v) ^ (36) 
dC(u, v) = C{{dE + \~^9)u, v) + C(m, {Be - X-^9)v) = (37) 

Let i : X — !• X be given by j(A, x) — (—A, x). According to and ([57)) . C naturally gives a V^-flat pairing 
£(^i^£ — > Ox'- 

Let n be an integer. Suppose moreover that C is homogeneous of degree \/—lnm with respect to 0, i.e., 
L^C = \/ — InmC. We have the induced pairing C : S®j*£ — > Ox- We set P := A^"C. The following lemma 
is clear by construction. 
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Lemma 5.9 We have L^P = 0, and VP = 0. 



I 



The pairing P and the polarization Su induce a real structure of the local system on C* x X corresponding 
to (i£,V). (See i j5.3.2l below.) Thus, it gives a variation of pure polarized TERP-structure. Because we are 
given an "Euler field" such that of C £, it is graded ^-VHS with real structure which is pure and polarized. 
(See [23]. The formulation here is slightly changed.) If the base space is a punctured disc, it is related with a 
Sabbah orbit or Hertling-Sevenheck orbit, ("nilpotent orbit" in the sense of Hertling and Sevenheck) studied in 



5.3.2 Appendix 

Symmetric pairing Let F be a finite dimensional C-vector space. The natural pairing x V — > C is 
denoted by (•,•). Let C : V x V — > C be a bilinear map. It is equivalent to a linear map $c : V — > V"^ 
given by {^c{u),v) — C{u,v). It is symmetric if and only if the dual $p : V — > is equal to ^c- K C 
is non-degenerate, a pairing : V"^ x V"^ — > C is induced by C^if.g) = C{^^}{f), ^^}{g)). Note that we 
have $(7^ = ^c^i if is non-degenerate and symmetric. Indeed, 

(<i>cv(/), g) - C^(/,.g) = C {^^\f) , ^^\g)) = {f,<i>c\g)) = {{<^>c'rif), g)- 



Conjugate Let V be the vector space such that y = y as a Z-module, and that the scalar multiplication 
of a € C is given by a • u = au. Let v denote the element of V corresponding to an element v E V. Then, 
av = (av). We may regard (•) as a C-linear isomorphism V c^i V. 

We have a natural anti-C-linear map 5* : IIomc(V, C) — > IIomc(y, C) given by 5'(/)(v) — f{v). It naturally 
gives a C-isomorphism Homc(y; C) ~ Homc(y, C), expressed as (V^) — > V . 

We have the natural pairing V xV — > C. Under the identifications, we have {f,v) — {f,v). 

Hermitian pairing Let h : V xV — > C be a bilinear map, which is equivalent to a linear map ■ V — > v'^ 
given by ($/j(u),iJ) — h{u,v). It is hermitian, if and only if {^h^ = ^h- Indeed, we have 

h{u,v) = {<S>h{u),v) - (u,$^(w)) = {u,'^l{v)). 

Because (u, $/i(u)) = h{v,u), we are done. 

If h is non-degenerate and hermitian, we have the induced hermitian pairing and h on V"^ and V , 
respectively. We have $-^v = <I>^^. Indeed, 

(V(7),5> = /^^(7,5) = h{<p-'i7)^ $-i(g)) ^ (7,¥^) ^ (7, ¥-\.g)) = ($,;i(7),5> 

We also have <i>ft v = . 



Compatibility Let C be a non-degenerate symmetric pairing of V. Let h he a non-degenerate hermitian 
pairing of V. We say that C and h are compatible, if /i^ ($c'('w), $c(^)) — h{u,v), i.e., $c gives an isometry 
(y, h) ~ (y^, h^)- In that case, the following diagram is commutative: 



V yv 



1-^ 



r ^ V 

By the compatibility, we have h^{^c{u), /) = h{u, $cv(/))- The left hand side is equal to {^hv^c{u), /), and 
the right hand side is equal to {^h{u), ^c^if }) = {^c^^hiu), /). Hence, we have <I>cv o cf)/j = ^f^v o =: k, 
which is a linear map V — > V. We have ko k = idy . Indeed, k o k = ^h'^ o o ^qv o <I>/j = $;,v o = 1. 
Hence, k gives a real structure of the vector space V. In this case, we have the relation h{u, v) = C{u, k{v)). 
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Induced vector bundle with real structure on C* Let F be a C-vector space with a non-degenerate 
hermitian pairing h and a non-degenerate symmetric pairing C. Assume that they are compatible. 



Let fj, 7 and j be the involutions of C^, given by o'(A) 



-A 



7(A) = A and j{X) = —A, respectively. 
We set V := V <^ Oc*- Let Sh be the pairing V (g) a*V — !• Oc given by Sh{u,(T*v) ~ h{u,a*v). Let 
Sc be the pairing V ® j*V — > Oc* given by Sc{u,j*v) = C{u,j*v). The pairing Sh satisfies the symmetry 
a* Sh{(y*u,v) = Sh(v,a*u). The pairing Sc satisfies the symmetry j* Sc{j*u,v) = Sciv, j*u). Let $5^ : V — > 
cr*V^ and <i>Sc ■ ^ — ^ j*V^ denote the induced morphisms. We have the following commutativity by the 
compatibility of h and C: 



V 



We set K :— j*^s'/ ° ^Sc which is a morphism V — > 7*V such that 7*k o k 
If we set P = A^"5c, then we have the following (— l)"-symmetry: 



id. 



fip)ifu,v)^i-irpiv,rv) 

We have P"" = (-1)"A"S'^. We have $p = A-"$Sc and cr*$pv = cr*((- 
foUowing diagram is commutative: 



l)"A"$sv) = A-"cr*$s^- Hence, the 



We set Kn ■= j*^s'^ o $p 



V 



A~"k. We have 7*k„ o 



^ 7*V 

id. Hence, it also gives a real structure. 



Assume that V is equipped with a connection V such that the pairings Sh and P are V-flat. Then, k is also 
flat. As in [17], it determines a real structure of the corresponding local system. See §2 of [33] for a review. 



5.4 The prolongation of the action 

Let X be a complex manifold with a simply normal crossing hypersurface D. Let D = IJ^g^ Di denote the 
irreducible decomposition. Let be a holomorphic vector field on X \ D such that 0^'° G Qxi^ogD). Let 
(i?, dE,0,h) be a good wild harmonic bundle on X\D which is homogeneous of degree m with respect to 0. 

We set A" := Ca X AT and T) :— 'Cx'x D. As explained in §5.2) we have the holomorphic vector bundle S on X 
with a meromorphic flat connection V. According to [31] and [36! (see [33j for a review), £ is naturally extended 
to a filtered vector bundle Q*f = {Q,a£ \ a £ M"^) on (X,!)). Let Qi5 denote the locally free C';t(*2')-niodule 
Ua 2af- According to [19] in the tame case and [33] in the wild case, V gives a meromorphic flat connection 
of Q£: 

y -.QS^QE® n\{\ogX'') ® Ox{X"). 

Here, X" := {0} x A. 

We have a C-endomorphism of Q£ given by L--^ :— V^. It is an extension of L~ on £. It satisfies 
Lf^ifs) = s -f /Lf^(s) for local sections / e OatI*!?) and s e Q£. 

Proposition 5.10 For any a e R^, we have (QaE) C Qa^- 

Proof We have only to consider the case A = {(zi, . . . , z„) | |zj| < 1} and D = Di, where Di = {zi = 0}. 
Let us consider the case that the harmonic bundle {E,dE,0,h) is unramifiedly good wild. Let O denote the 
origin (0, . . . , 0). We have a good set I C Ox{*D)/Ox and a formal decomposition 

ael 
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such that V"^ :— Vo — d(a/\) idg^ arc logarithmic along D, where we choose lifts a G Ox{*D) of a. Around 
any point (Aq, O) with Aq 7^ 0, for any a e M^, we have ^'^^QaSa C Qa^a^^xi^ogV), and hence V'^°~(Qa^a) C 
Qa^'a- Because [L^,9] = \/—lm6, we obtain that t)(a) — \/^^ma is holomorphic. We obtain that (i(a/A)(t)) 
is holomorphic around (Ao,0). Hence, we obtain that ^ a,v{Qa^a) C QaSa around (Ao,0). We can conclude 
that L9^{QaS) C Qa'^^ outside V°. By using the Hartogs property, we obtain L^^ (^QaS^ C QaS on A". 

Let us consider the case that {E, dsjO, h) is not necessarily unramified. We set X' — {[C,i, . . . , Cn) \ \Ci\ < 1} 
and D' = Ui=i{Cj = 0}. Let : {X',D') — > {X,D) be the ramified covering given by 93(^1, = 
(Ci I ■ • • J Cfj Cf+ii • • • I Cn) such that (i?', dE',d' ,h') (p~^{E, dE,d,h) is unramified. Let 0' be the holomorphic 
vector field of X' \ D' which is the lift of 0. The harmonic bundle {E' ,dE' ,0' ,h') is homogeneous of degree 
y/^m with respect to o'. We have L^/'(Qa'^-') C Qa'S' for any a' £ R^. Note that a section / of Q£ is 
contained in Qa£ if and only if tp* f G QeaS' ■ Then, we obtain L~^(^Qa£) C Qa£- I 



5.5 tr-TLE structure 

5.5.1 Limit mixed twistor structure 

Let X :— {(zi, . . . , z„) \ \zi\ < 1} and D Ui=i{'^i — ^l- Let D be a holomorphic vector field of X \ D such 
that D^'" G 0jf (log -D). Let {E, dE,S,h) be a tame harmonic bundle on X \ D which is homogeneous of degree 
y/-^m with respect to 0. 

For any a G K^, we have the limit mixed twistor structure (5^^"(£'), AT) . (See [31^. See ^33 for a review.) 
Let us briefly recall the construction. We have the following coherent O-module on Ca x Hi^il-^^i = 0}- 

Gr2(f ) := 



J2b<a Qb£ 



Here, b < a for b — {hi), a — (ai) G means bi < ai for any i and b ^ a. According to _31 , Gr^(£) 
is locally free. Hence, we have the vector bundle Qa.{E) :— Gr^(f x{o} Ca. They are equipped with 
the morphisms A/i : Ga{E) — > X~'^Qa{E) obtained as the nilpotent part of the residues Res2;(V). We also 
obtain the vector bundle OlaiE) on with the morphisms J\f} : Glai^) — > ^J,^^giaiE) from (Q^f^V'''). 
We have an isomorphism : Ga{E)\ci — G-a{E)\C*^ such that ° ~ -M} ° $a. (See [33] for a review 
of the construction.) Thus, we obtain a vector bundle S^^'^{E) on with morphisms A/i : S'^™(i?) — > 
5.ca„(-£;) ^ Opi{2). Let W denote the weight filtration of YlLi^i- According to [3T], (S^'^'^E), W) is a mixed 
twistor structure, i.e., Gr^ S^^^{E) are isomorphic to a direct sum of C'pi(n). 

Because the harmonic bundle is homogeneous, the associated polarized variation of pure twistor structure is 
integrable ( ^5.2p . As explained in [19] (see [33] for a review), S^'^{E) is equipped with the induced meromorphic 
connection 'V in the case of polarized integrable variation of twistor structure. Let u := \/—l{Xd\ — Ac^). We 
also have an action L^^° on S^^'-^{E) induced by (EU). It is equal to "Vmu + J2 fii'^i + M), where 

ti|o = ^ fi {zidzi)\o- The morphisms Mi are compatible with °V and 



5.5.2 Mixed Hodge structure 

Note that u is the fundamental vector field of the S'^-action on given by (t, A) 1 — !• tX. For our purpose in 
311 it is reasonable to suppose the following. 

Assumption For any a G M^, the u-action on S^^'^{E) is lifted to an S'^-action. 

It is naturally extended to a C*-action. (See Lemma [5 . 1 71 below . ) The connection °V and the morphisms A/i 
are C*-invariant. In particular, the weight filtration is also C*-equivariant. Hence, {S^^'^ (E) , W) comes from 
a complex mixed Hodge structure {H, F, G, W) with morphisms Ni, by the Rees construction. ( 3^ . See also 

m) 

Recall that, by using the canonical decomposition of mixed Hodge structure by Deligne, we obtain a decreas- 
ing filtration F°p such that (i) it is 0-opposite to F, (ii) N,{F°Py C {F°Py+'^ for any i = 1, . . . , ^ and j G Z. Let 
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us briefly review it. We have the Deligne decomposition H = 0^ ggz-^^'* which satisfies = 0r>p/'''^ and 
Wk = 0r+s<fc I^"''- Moreover, for any morphism of mixed Hodge structures / : (H, F, G, W) — > {H' , F, G, W), 
we have f{r^''{H)) C r^'{H'). (See 07, for example.) We set (F°p)9 := 0q+^<o i^'''"- Then, the fixations F 
and F°P are 0-opposed, i.e., FP n (F°p)« = for p + g > and i? = ®p+q=o HF''. Because N, {i ^ 1, . . . , £) 
give morphisms from {H,F,G,W) to its (-l)-Tate twist, we obtain that N,{{F°P)'i) C (F°p)9+i by using the 
functoriality. 

Applying the Rees construction to two filtrations F and F°p , we obtain a vector bundle TZa on , which is 
pure twistor structure of weight 0. It satisfies TZa\Cx ~ ^a^Cx' have induced morphisms 

M :7^a ^7^„®Opl({0}-{cx)}), {i^ !,...,£). 

The bundle TZa is equipped with a C* -action, which induces an action L^'^ of mu. Because we have "Wmu — 
— J2 fi[o-i + on Ca, we have the induced connections 

-.no. -^Ua ®nl^{2{Q} + {oo}). 

The residue of "V at oo is semisimple. 

Remark 5.11 Hertling and Sevenheck 18 obtained a mixed Hodge structure from their Sabbah orbit based on 
the above theorem that (S'^^"(i?), TV) are mixed twistor structure in |31] . It seems related with the above mixed 
Hodge structure in the case that n — £ — m = 1 and = \J—\{zdz — 'zdz) ■ But, the construction in this paper 
is slightly different from theirs, at least apparently. Namely, we construct a mixed Hodge structure on the L^- 
equivariant sections, and they constructed a mixed Hodge structure on the space of multi-valued sections which 
are flat with respect to °V . Their construction seems to have its origin in Singularity theory. Our construction 
might be natural from the view point of "Simpson's Meta theorem" [45]. We postpone to clarify the precise 
relation. I 



5.5.3 tr-TLE structure 

We set X:=F^xX and := x D. Wc set X°° := {oo} x X. From {QqE, V), we obtain an (*X°°)-module 
Qo£ such that V is regular singular along X°°. We continue to suppose the assumption in §5.5.21 We regard 
P^ as Ca U by A/i = 1. We have the natural isomorphism Qo^|c*x{o} — ®ae]-i o]« ''^alCj which is the 
simultaneous generalized eigen decomposition of Res^^ (V) {i — 1, . . . We naturally regard 0ag]_i o]« T^a\c^ 
as an Oc^^-submodule Qq£\c^x{o}- It determines a locally free Opi -submodule TZ C Qq£\pix{o}- 

Lemma 5.12 TZ is a pure twistor structure of weight 0. 

Proof For any — 1 < 6 < 0, let bi € M*" denote the element whose j-th entry is 6 if j = z, or otherwise. We 
have the naturally defined map Qbi£\Cxx{o} — ^ Qo^|Cax{0}- The image is denoted by Qo^|Cax{0})- Thus, 
we obtain the filtrations W {i — 1, . . . , i). We set -Fa :— 0^=1 ('^oO ■ According to [3T], we have an isomorphism 



J2b<a^b{QoS\Cxx{0})' 



and we have a splitting — ®b<aSa,{E). The filtrations V naturally induces filtrations V of TZ, and we 
have an isomorphism 



TZn 



In other words, for some iV > 0, we can order ai, . . . , ajy and we can take a filtration J^j {j = 1, • . • , N) of TZ 
such that Tj/Tj-i ~ TZaj. Because TZa are pure twistor structure of weight 0, by construction, we obtain that 
TZ is also a pure twistor structure of weight 0. I 

Proposition 5.13 We have a locally free Ox-submodule QqS C QqS such that (i) 0o£|pix{o} — 7?., (ii) V is 
logarithmic along with respect to QqE . 
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Proof It follows from the correspondence between regular filtered flat bundles and filtered local systems ( |44) . 
[32] )• It is also obtained by successive use of the elementary transforms. We shall give an outline of the 
latter argument. We have a meromorphic flat bundle V) such that (i) Q^ic^xx = Q^j (ii) V is regular 
singular along X°°. We have X = (C^ x X)U (Ca x X) by /i = A^^. We have only to construct a submodule of 
V := Q£\c^xx with the desired property. Let M be the Deligne lattice of (V, V). We have M|c* xx — Qo'^'ic* xx 
and M|c^x{o} ® C'c^(*0) — QqS\c^x{o} ~- ^- The induced connection oi 14 is denoted by V^. It is equal to 

We recall a general procedure called elementary transform. Let Y := {{wi, . . . ,Wn) \\wi\ < 1}, Dy ■= 
[Jl^i{wi = 0} and Yi := {wi = 0}. Let be a holomorphic vector bundle on Y with a logarithmic flat 
connection V. The holomorphic vector bundle Vi := V/wiV on Yi is equipped with the endomorphism Res^^ (V) 
obtained as the residue with respect to wi. It is also equipped with an induced logarithmic flat connection Vi, 
i.e., for a holomorphic local section s of Vi, take a holomorphic local section of y such that s\Yi = s, and 
Vis = Yl^=2^j\Yi dwj, where Vs = Note that V (^Oy OviYi) is equipped with the induced 

logarithmic connection. Let C Vi be a subbundle, which is invariant with respect to Res„j(V) and Vi. We 
obtain a holomorphic vector bundles Vni {i = 1,2) by the following exact sequences of Oy-modules: 

— >Vhi — >V — > Vi/H — > (38) 

0^Vh2^V^ Oy{Yi) — ^ {Vi/H) (g) Oy{Yi) (39) 

It is easy to see that Vhi have induced logarithmic flat connections V. They are called the elementary transforms 
of V along H of type p8|) and p9|) . respectively. The kernel of the surjective morphisms Vhi/wiVhi — > H 
and Vh2 / wiVh2 — > H ®Oy Oy{Yi) are denoted by Ki and if 2. Then, V is the elementary transform of Vhi 
(resp. Vh2) along Ki (resp. if 2) of type ([39]) (resp. ([SS]) ). 

Let us return to the proof of Proposition l5.13l We have locally free Oc ,-submodules TZi CU (i = 0, . . . , N) 
such that (i) TZq — TZ, (ii) TZn = -M|c^x{0}j (iii) is the elementary transform of 7?.i_i along Res(Vi^)-invariant 
subspaces Hi C TZi^i/ ^iTZi^i. More precisely. Hi are direct sums of some generahzed eigen spaces of Res(V;^). 
We have the endomorphisms Fi of TZ induced by ReSi(V). By an induction, TZi are equipped with induced 
endomorphisms Fi, and Hi are i^i-invariant. 

We have either one of the morphisms TZi / y-TZi — > Hi in the case (|38| or TZi / m"^* — ^ Hi (^Oc , (0) in 
the case ([39| . The kernel is denoted by Ki. They are invariant with respect to Fi and Res(Vz^), and we obtain 
TZi-i from TZi by applying an elementary transform along Ki of type ([39]) or ([38]) . respectively. 

We set Mat := M. We have a logarithmic connection V on M'j^ := AlN/fiMff. Its residues at (0,0) G 

X X along Zi are given by Fi. Note that Ai^ is the Deligne lattice. We have the subspace K^ C TZn — 
M'j^/{zi, . . . ,Zn)M'j^. Because it is invariant with respect to Fi, we have V'-invariant subbundle K'p^ C M'pf. 
It is Res^(V)-invariant. If TZn is the elementary transform of TZn-i of type (l38|) (resp. ([39]) ). let M^-i be 
the elementary transform of Mm along if^ of type ([5^ (resp. ([55)1 ). By a descending induction with a similar 
procedure, we construct Mi {i — Q, . . . , N). Then, Mq has the desired property. I 

By Lemma I5.12[ there exists a neighbourhood U G X oi O such that, for each P E U, the restriction 
£5o^-|pix{p} is pure twistor structure of weight 0. We state it as a proposition. 

Proposition 5.14 There exists a neighbourhood U d X of O such that (Qo'^i V)|Cax((7\d) extended to a 
tr-TLE structure {!l}o£,W)\c^x(u\d) *^ the sense of Hertling \17\ . I 

Lemma 5.15 The action L~"^ on Q£ is extended to an action L~"^ on £lo£. 

Proof We define L~"^ V^. Because V is logarithmic along X°°, we obtain that L~'^'^£lo£ C £lo£- I 

Let /3 e C, and let Di := ^oi^°+^0°'^ We set Oi /3p'"+^0°'i. Let P be any point ofU\D, and let be 
an integral curve of Ui starting from P such that 70 — P. The holomorphic vector field induces an isomorphism 

X {P} ~¥\x {jt}- We have an induced isomorphism (0£^, V)|ii.i x{p} — (0f , V)|pi xf^j- (See the proof of 
Lemma 15.171 below . ) Hence, £l£\pi^x{jt} is also a pure twistor structure of weight 0. 
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Corollary 5.16 In Provosition \5.14\ U can be an open subset in X which is preserved by the flow by f3X)^''^+l3X)^'^ 
for any l3 E C I 

5.5.4 5^-action and C*-action (Appendix) 

We will be mainly interested in the case that the vector field is obtained as the fundamental vector field of an 
S^-action. So, as an appendix, we give a remark that an S'^-action on a holomorphic vector bundle is extended 
to a C* -action. 

Let y be a complex manifold equipped with a holomorphic C*-action p. The restriction of p to is 
denoted by pi. Let i? be a holomorphic vector bundle on Y with an S'^-action pEi such that (i) {E,pEi) is an 
5 ^-equi variant vector bundle over (Y, pi), (ii) the fundamental vector field of the action pEi is holomorphic. In 
this subsection, we shall identify TY and T^'^F. 

Lemma 5.17 The S^-action p^i is uniquely extended to a holomorphic C* -action pe on E such that {E,pe) 
is a C* -vector bundle on {Y,p). 

Proof Let Pe denote the projective completion of E. The S'^-action pEi on E is uniquely extended to an 
S^-action of pE2 on P^, whose fundamental vector field V is also holomorphic. We obtain the holomorphic 
vector field V^F, and we have [V, ^/^V] = 0. 

Let I' be the K-action on Y given by v{t,Q) = p(e^*,Q). Let Vi denote the fundamental vector field 
of v. Let TT : — > Y denote the projection. Let Tpir : TpPs — > T^^pyY denote its derivative. Then, 
TpT:{y/^V\p) = V^Q for any P e tt-\Q). 

Assume that Vi\q ^ 0. By using the properness of tt, there exist e > and C°°-map F : (— e, e) x 7r^^((3) — > 
P_E such that F{t, P) is an integral curve ^{t) of ^/^V such that 7(0) = P. For each t g (— e, e), F{t, •) gives 
a diffeomorphism of 'k~^{Q) ~ n~^{v{t, Q)). Then, it is easy to prove that an integral curve of \/—lV through 
any point of P^ can be defined over K. Hence, we have an R-action i/p^ on P^ whose fundamental vector 
field is \/—lV. Because it preserves P^ \ E, we obtain an M-action ve on E. It commutes with pEi, and 
satisfies (j> o VE{t,P) = v{t,iTi{P)), where tti : E — > Y. Hence, we obtain a holomorphic C*-action pE 
such that TTi is equivariant with respect to pE and p. Let Q!i,a2 G C and wi,W2 € E\q for Q <E Y . We 
have pE{t, aivi + 02^2) — ciiPE{t,vi) + a2PE{t,V2) for t E S^. Hence, it holds for t E C*, i.e., {E,pe) is a 
C* -equivariant bundle over {Y,p). I 



6 y-VHS associated to Toda like harmonic bundle 

6.1 Explicit description of the associated meromorphic flat bundle 
6.1.1 Refinement for meromorphic prolongment 

We set X := P^, Dq := {0}, Doo := {00} and D := Dq U D^. We set := ^f^r{qdq - qdq), which is the 
fundamental vector field of the S'-'^-action on P^ given by (i, q) \ — > Vq. We set X := <C\ x X and X P^ x X. 
We use the notation P, S), etc., in similar meanings. We set := {A} x A C X for A G P^. 

Because t*9 = i™0 and t*h = ft,, the harmonic bundle [E, 9, h) :— {E^, Or.m, ha) on A \ Z? is homogeneous 
of degree m with respect to 0. As explained in ^5.'2\ and ^^5.41 we have the locally free C;t'(*I?)-module Q£ 
with the meromorphic flat connection V. We have the C'A'(*2?oo)-submodule QqS C Q£. The connection V is 
logarithmic along Vq. 

Lemma 6.1 Q£ is uniquely extended to a locally free Ox{*{^ U X°°))-module Q£ such that V gives a mero- 
morphic flat connection of Q£ which is regular singular at any point of X°° \ 2) 00 • 

Proof Note that the harmonic bundle is not tame at 00. We have only to consider the issue locally around 
(A, (7) — (00,00). We use the Riemann-Hilbert correspondence between meromorphic flat bundles and local 
systems with Stokes structure, studied in §4 of |36| . See [35j for a review. 

By using the descent and pull back, we may assume m = r. Then, the eigenvalues of 9r,r are of the form 
adq {a E C). Hence, the irregular values of {Q£, V) along q — 00 are of the form aX^^q {a E C). 
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It is clear that Q£ is extended along X°° \ {(oo, oo)} in a regular singular way. We take a blow up ip : Z — > X 
at (cxi, cxi). Then, the pole and the zero of the function ip~^{\~^q) are separated. The pole of ip^^{\^^q) is the 
strict transform of P\ x {00} . 

We may restrict our interest to a neighbourhood of (p^^{oo,oo). Let D[ be the exceptional divisor. Let 
TT : Z — > Z be the real blow up along (p~^(¥j^ x {00}) U (p~^{X°°). Let C be the local system corresponding 
to (QfjV). It is equipped with the Stokes structure outside tt~^{D[). (See ^ for a review of the Stokes 
structure. We shall use the notation there.) 

Let D2 be the strict transform of P^^ x {00}. Let P be the intersection of D'l and -D2- Let Q e tt~^{P). For a 
local coordinate (u, v) around P such that q = uv and fi = v, the irregular values are of the form a u^^ {a € C). 
We can take a point Q' e tt^^{D'2 \ P) such that (i) Q' is sufficiently close to Q, (ii) the orders <qi and <q are 
the same on the set of the irregular values of (Q£, V). We have a natural isomorphism Cq ~ £q'. Hence, we 
obtain a filtration of Cq induced by the Stokes filtration of Cqi . Thus, we obtain the Stokes structure of C. By 
using the Riemann-Hilbert correspondence, we obtain a good meromorphic flat bundle on Z . Its push-forward 
to X gives the desired extension of (Qf , V). I 

Remark 6.2 The first claim 0/ the previous lemma holds in a more general situation, which will he argued 
elsewhere. I 

We have a locally free C';t'(*2'oo)- module Qq£ C Q£. 

Lemma 6.3 It is extended to a locally free C'a;(*(2'oo U X°°)) -module Qo£. 

Proof We have only to check the claim around (A,^) = (o3,0). We have the Deligne lattice M of V) 
around (00, 0). Then, it is easy to see that Qq£ = M{*X°°) around (c)o,0). I 

Let 0„j := m^^U. The harmonic bundle [E, 9, h) is homogeneous of degree 1 with respect to Dm- Even if we 
replace with Dm, we clearly obtain the same meromorphic flat connection V. 

For a positive integer £, let (pg : — > P^ be given by ip{q) = q^. It gives (pe*{Vem) — Om- The harmonic 
bundle (pJ^{E,9,h) is homogeneous of degree £m with respect to D. Then, it is easy to observe that the 
meromorphic flat bundle associated to ipJ^{E,6,h) is naturally isomorphic to (p^{Q£ where the induced 
map X — > X, (A, q) 1 — > (A, q^) is also denoted by (fg. 



6.1.2 Refinement for tr-TLE structure 

Proposition 6.4 We have a locally free Ox{*'Z> 00) -submodule £}o£ C Q£ such that {£lo£,W) is tr-TLE struc- 
ture in the sense of Hertling 17], i.e., (i) V is logarithmic with respect to £1q£ along X°° , (ii) £lo£\pix{Q} is a 
pure twistor structure of weight for each Q d X \ Doo • 

Proof We have already studied the issue locally around q — in Proposition l5.13i by using the Deligne lattice. 
For the construction of £lo£ in this proposition, we have only to replace the Deligne lattice with M ^Ox{*^oo), 
where M is the Deligne-Malgrange lattice of Q£. (See [28] for Deligne-Malgrange lattice, or canonical lattice. 
See [34] for a review.) As explained in Proposition 15 . 141 and Corollarv 15.161 it is a tr-TLE structure. I 

We set £}£ := £l£ ® Ox{*'^q). Note that we have a natural isomorphism £}£\xo — Vr by construction. We 
shall identify them. Let p : X — > X denote the projection. 

Proposition 6.5 We have a unique holomorphic isomorphism $ : p*Vr — £l£ such that 'I'ia^o the identity. 

Proof We have a natural isomorphism Q£ ~ p*p^,£l£. Because £2£|{o}xx = Vr, we have a natural morphism 
p*£l£ — > Vr. Because its restriction to X* is an isomorphism, it is an isomorphism on X. Hence, we obtain a 
natural isomorphism p*Vr — £}£. I 

Under the isomorphism $, we have V = p~^Vi + X^^6 + W\dX for some connection Vi of V,.. Recall the 
decomposition Vr = 0[^i V'^^, where V''^ = Ox{*D)e^. 

Proposition 6.6 Vi is isomorphic to Vo — ® fli idy(i) dq/q, where Voe; = for i = 1, . . . ,r. 
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Proof We have only to consider the case to = 1 by the remark given in the last of ^6.1.11 Let ctq be an 
automorphism of X given by cro('^j q) — (t^i q)j where r is the primitive r-the root. We have the C*-action on 
X given by t(X,q) = [tX^Vq). The automorphism a of Vr induces an automorphism a ol p*Vr over ctq. The 
C*-action on Vr induces the action on p*Vr- Then, X^^9 and V are cr-equi variant and C*-equivariant. Hence, 
Vi is also CT-cquivariant and C*-equivariant. Let Vr,i ■— Opi(*D)ei. Then, Vi preserves the decomposition 
Vr — ® Vr,i, and it is expressed as Vo — ® fciidy,, ^ dq/q, where bi € C. The numbers bi must be equal to the 
parabolic weights. (Recall the dependence of the parabolic weights and the eigenvalues of the residues Res(V'^) 
on A in [18], [31], [M].) I 

6.1.3 Explicit description 

Let us give an explicit description of V under the isomorphism QS ~ p* Vr in Proposition 16.51 For given 
complex numbers 71, ... , 7^, let diag[7i, . . . , 7^] denote the diagonal matrix whose (j, j)-entries are 7^. By the 
construction of C*-action and V, we have VmAOA+i-gSg^ ~ ^ diag[TO, 2to, . . . , rm]. According to Proposition |621 
we have 

qVqE = e(^- diag[ai, . . . , a^] + y^(''> • (40) 

Hence, we obtain 

XV xe = e diag[l,2,...,r] H diag[ai, . . . , a^] - -/C(r, m) . (41) 

V TO A / 



The formulas (gOl) and (|4T|) describe V. 

In particular, if m = r, we have the following: 

qVqB = e(^- diag[ai, . . . , a^] + ^/C(r, r)) (42) 

AVag = e(^diag[l,2, . . . ,r] + diag[ai, . . . , a^] - ^/C(r,r)^ (43) 

Let Cr be the matrix whose (j, j)-th entry is 1 if i = j + 1 modulo r, or otherwise. Then, by specializing (|43p 
to g = 1, we obtain 

AVaGi^^i = e|,^i {d\a,g[l, 2, . . . , r] + diag[ai, . . . , a^] - ^C^) . 
By specializing p2)) to A = 1, we obtain 

qVqe\x=i = e|A=i(^-diag[ai,...,ar] +r/C(r, r)^ 

We set Vi := q^^ei. Then, we obtain 

qVqV = t;(^-diag[l,...,r] - diag[ai, . . . , a,.] + rC^g) 

If we set C = g^^, we obtain the following: 

Cyc_v = v{dia.g[l,...,r\ + diag[ai, . . . , a^] - ^C^) 

In particular, we obtain the following: 

Corollary 6.7 We have an isomorphism (Q£, V)|xi and (Qf, V)|pi x{i}. I 



Remark 6.8 We can also obtain the isomorphism in Corollary 16.71 by using the homogeneity without explicit 
computations. I 
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6.2 Integral structure of Toda-like harmonic bundle 

6.2.1 Special case 

Let {Er,Or,i,h) be the Toda-like harmonic bundle, corresponding to a = (a^) G *H,-^i(a) as in Theorem 13.321 
We study when (Qf , V)|pi x{i} and {QS,'^)\x^ have Z-structures. 

Theorem 6.9 {Q£ ,^)\x^ has a "L-structure (resp. Q^- structure) if and only if Pa{T) G Z[T] (resp. Q- 
structure). (See Theorem \6.15\ below for general m. ) 

Proof It follows from Theorem 14. 14[ Corollary 14. 1 71 and the formula (PO)) . I 

If {Q£, V)|;ei has a Z-structurc, then we have a e Q''. Indeed, because we have nl=i(^~ g2irV^ai-j g Z[T], 
the number e^'^^/"^"' and its conjugates over Q are algebraic integers such that the absolute values are 1. It is 
a classical theorem of Kronecker that e'^'^^^~^°'' are roots of unity, i.e., G Q. Hence, when we are interested 
in Z-structure, it is natural to impose the condition a E Q*". In that case, we have Pa{T) g Z[T] if and only if 
Pa{T) G Q[T], and therefore (Q£, V)|3ei has a Z-structure if and only if it has Q-structure. 

Remark 6.10 The condition Pa{T) G Z[T] implies an additional symmetry for the sequence (ai,...,a„). 
Hence, the harmonic bundle is equipped with a symmetric pairing. (See m.l.6\ ) It induces a real structure by 
the procedure in ii5.3l By Provosition \A.V2[ we can adjust that a Z-structure is compatible with the R-structure. 

I 

Remark 6.11 // the condition in Theorem 16.91 is satisfied, the meromorphic flat bundle (Q£,V) has a Z- 
structure, although we do not discuss a 'Z-structure of a meromorphic flat bundle on higher dimensional varieties 
in this paper. In particular, (Qi^^, V)|pi x{i} has a Z-structure, which also follows from Theorem 16.121 below. I 

6.2.2 Criterion 

We shall freely use the notation in ^ 33.1.51 Let h be the Toda-like harmonic metric of {E,d) :— {Er,Or,r) 
corresponding to a G ^r,r H Q*". We have the associated meromorphic flat bundle (Qf, V) on X. Note that 
(Qf,V)|xi has a Z-structure (resp. Q-structure) if and only if (Qf , V)|pi x{i} has a Z-structure (resp. Q- 

d 

structure) by Corollarv l6.7l We set 6d = (1, . . . , 1) for a positive integer d. 
Theorem 6.12 The following conditions are equivalent. 
(PI) (Qi^^, V)|pi x{i} has a Z-structure. 

(P2) {Q£,y)\r\x{i} has a Q-structure. 

(P3) There exists 7 G C* such that (i) Y e Q, (H) nl=i(^ " Te^''^"'^'') S Q[T]. 

Proof We shall use the description of (Q£, V) given in t ^6.1.3l We have only to study the existence of Q- 
structure or Z-structure of {Q£, V)|a.-i. 

Let us consider the case S{a,r) — {r}. By Proposition 13.181 and the Kobayashi-Hitchin correspondence, the 
filtered flat bundle (Q*f, V)|3;i is stable. Because the eigenvalues of the residue of 9 are at both {0} and 
{00}, we obtain that (Q5, V)|3ei is irreducible as a meromorphic flat bundle. (See [40]. See also Lemma 19.4.3 
of [33]. Note that {Q£ is deformed as in §11 [SS]-) Then, the equivalence of the three conditions follow 
from Theorem 14.221 

Let us consider the case S{a,r) ^ {r}. We have the decomposition (Q£, V) = 0s(QiS^'''-', V'*")) induced by 
([9]). As remarked in the argument for the case S[a, r) = {r}, each (Qf , V'^''^)|3ei is irreducible. Because there 
is no common eigenvalue of 0^**^ and 6'^^ ^ (s ^ s'), we have Irr(V^^^) n IrrCV*^* •*) = if s 7^ s'. Let us show 
the equivalence of the conditions (PI) and (P2). Clearly (PI) implies (P2). Suppose (P2). By applying 
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Proposition HIT] to the irreducible decomposition {Q£y)\x^ = ®s{Q^^'^^'^^'^)\x^^ '^^^^ iQ£^''\'^^''^)\x^ has 
a Q-structure. By Theorem li?^ each (Qf V('*))|3ei has a Z-structure. Hence, (PI) holds. 
We consider the following condition: 

(P3') There exists 7 e C* such that (i) Y° e Q, (ii) - 7e2'^^°»/''") e Q[T]. 

If (P3') holds, by applying the result in the case S{a,r) = {r} to each V*^"^)! -j.-! , we obtain that (P2) 

holds. Conversely, if (P2) holds, by Proposition 14.111 each (Qf V^*-*)!^! has a Q-structure. By the result 
in the case S{a,r) = {r}, we obtain that (P3') holds. Finally, the claim of the theorem follows from the 
equivalence of the conditions (P3) and (P3'). (See Lemma [6.161 below.) I 

For example, we obtain the following from Theorem 16. 121 and Lemma [4.251 (or Proposition 14. 26p . 

Corollary 6.13 Suppose that r is an odd prime. Then, (Qf , V)|pi x{i} has a Z-structure, if and only if there 
exists a half integer £ such that nl=i(^ " e2'^^(°'+'^)/'^) G Z[T]. I 

Remark 6.14 According to the correspondence between Toda-like harmonic bundles and solutions of Toda 
lattice with opposite sign (see ^S.k^) . we obtain a criterion when the meromorphic flat bundle associated to a 
solution of the Toda equation has a Z-structure. I 

Variant Let h be the Toda-like harmonic metric of {Er, Or.m) corresponding to a e D\r,m H Q''. The following 
proposition can be proved by the argument in the proof of Theorem 16.121 

Theorem 6.15 The associated meromorphic fiat bundle {Q£,\/)\X^ has a structure, if and only if there exists 
7 € C* such that (i) 7" G Q, (ii) Y{\^^{T ~ -fe^'"^'''/'"^) € Q[T]. In that case, (Q£, V)|3ei has a Z-structure, 
more strongly. I 

Appendix Let tq, jo be positive integers, and set ri = rojo- Let :— {k £ C \ kP ^ l} for a positive integer 
p. We have the homomorphism ^' : fin — > fJ-ro given by ^'(k) = . Let Sq be a subset /x^q with a function 
/o : 5o — > Z>o. We put := ^-^(^o) and /i := /o o ^. We take 71 € C* and put 70 := 7f . For i = 0, 1, we 
set 

P^{T) YliT-^^by^^'K 

be Si 

Because Pi{T) = Po{T^°), the following lemma is clear. 

Lemma 6.16 We have Po{T) e Q[T] if and only if Pi{T) £ Q[T]. I 
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